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Quasiparticle excitations can compromise the
performance of superconducting devices, causing high frequency dissipation, decoherence in
Josephson qubits [1–6], and braiding errors in
proposed Majorana-based topological quantum
computers [7–9]. Quasiparticle dynamics have
been studied in detail in metallic superconductors [10–14] but remain relatively unexplored in
semiconductor-superconductor structures, which
are now being intensely pursued in the context
of topological superconductivity. To this end,
we introduce a new physical system comprised of
a gate-confined semiconductor nanowire with an
epitaxially grown superconductor layer, yielding
an isolated, proximitized nanowire segment. We
identify Andreev-like bound states in the semiconductor via bias spectroscopy, determine the
characteristic temperatures and magnetic fields
for quasiparticle excitations, and extract a parity lifetime (poisoning time) of the bound state
in the semiconductor exceeding 10 ms.
Semiconductor-superconductor hybrids have been investigated for many years [15–19], but recently have received renewed interest in the context of topological superconductivity, motivated by the realization that combining spin-orbit interaction, Zeeman splitting and proximity coupling to a conventional s-wave superconductor
provides the necessary ingredients to create Majorana
modes at the ends of a one-dimensional (1D) wire. Such
modes are expected to show nonabelian statistics, allowing, in principle, topological encoding of quantum information [20–22] among other interesting effects [23, 24].
Transport experiments on semiconductor nanowires
proximitized by a grounded superconductor have recently
revealed characteristic features of Majorana modes [25–
28]. Semiconductor quantum dots with superconducting leads have also been explored experimentally [29–32],
and have been proposed as a basis for Majorana chains
[33–35]. Here, we expand the geometries investigated
in this context by creating an isolated semiconductorsupercondutor hybrid quantum dot (HQD) connected to
normal leads. The device forms the basis of an isolated
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Majorana system with protected total parity, where both
the semiconductor nanowire and the metallic superconductor are mesoscopic [36, 37].
The measured device consists of an InAs nanowire with
epitaxial superconducting Al on two facets of the hexagonal wire, with Au ohmic contacts (Figs. 1a,b). Four devices showing similar behavior have been measured. The
InAs nanowire was grown without stacking faults using
molecular beam epitaxy with Al deposited in situ to ensure high-quality proximity effect [38, 39]. Differential
conductance, g, was measured in a dilution refrigerator
with base electron temperature T ∼ 50 mK using standard ac lock-in techniques. Local side gates, patterned
with electron beam lithography, and a global back gate
were adjusted to form an Al-InAs HQD in the Coulomb
blockade regime, with gate-controlled weak tunneling to
the leads. The lower right gate, VR , was used to tune the
occupation of the dot, with a linear compensation from
the lower left gate, VL , to keep tunneling to the leads
symmetric. We parameterize this with a single effective
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FIG. 1: Nanowire-based hybrid quantum dot. a, Scanning
electron micrograph of the reported device, consisting of an InAs
nanowire (gray) with segment of epitaxial Al on two facets (blue)
and Ti/Au contacts and side gates (yellow) on a doped silicon substrate. b, Device schematic and measurement setup, showing orientation of magnetic field, B. c, Differential conductance, g, as
a function of effective gate voltage, VG , and source-drain voltage,
VSD , at B = 0. Even (e) and odd (o) occupied Coulomb valleys
labeled.
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gate voltage, VG (see Supplement).
Differential conductance as a function of VG and
source-drain bias, VSD , reveals a series of Coulomb diamonds, corresponding to incremental single-charge states
of the HQD (Fig. 1c). While conductance features at
high bias are essentially identical in each diamond, at
low bias, VSD < 0.2 mV, a distinctive even-odd pattern
of left- and right-facing conductance features is observed.
This results in an even-odd alternation of Coulomb blockade peak spacings at zero bias, similar to even-odd spacings seen in metallic superconductors [40, 41]. However,
the parity-dependent reversing pattern of subgap features at nonzero bias has not been reported before, to
our knowledge. The even-odd pattern indicates that a
parity-sensitive bound state is being filled and emptied
as electrons are added to the HQD.
Measured charging energy, EC = 1.1 meV, and superconducting gap, ∆ = 180 µeV, satisfy the condition
(∆ < EC ) for single electron charging [42, 43]. Differential conductance at low bias occurs in a series of narrow features symmetric about zero bias, suggesting transport through an Andreev-like bound state, with negative
differential conductance (NDC) observed at the border
of odd diamonds. NDC arises from slow quasiparticle
escape, as discussed below, similar to current-blocking
seen in metallic superconducting islands in the opposite
regime, ∆ > EC [44, 45].
To gain quantitative understanding of these features,
we model transport through a single Andreev bound state
in the InAs plus a Bardeen-Cooper-Schriffer (BCS) continuum in the Al. The model assumes symmetric coupling of both the bound state and continuum to the
leads, motivated by the observed symmetry in VSD of
the Coulomb diamonds. Transition rates were calculated
from Fermi’s golden rule and a steady-state Pauli master equation was solved for state occupancies. Conductance was then calculated from occupancies and transition rates (see Supplement).
Measured and model conductances are compared in
Figs. 2a,b. The coupling of the bound state to each
lead, noting the near-symmetry of the diamonds, was estimated to be Γ0 = 0.5 GHz, based on zero-bias conductance (Fig. 2d). The energy of the discrete state, E0 =
58 µeV at zero magnetic field, was measured using finite
bias spectroscopy (Fig. 2e). The normal-state conductance from each lead to the continuum, gAl = 0.15 e2 /h,
was estimated by comparing Coulomb blockaded transport features in the high bias regime (VSD = 0.4 mV).
The superconducting gap, ∆ = 180 µeV, was found
from the onset of NDC, which is expected to occur at
eVSD = ∆ − E0 (Fig. 2f). While the rate model shows
good agreement with experimental data, some features
are not captured, including broadening at high bias, with
greater broadening correlated with weaker NDC, and
peak-to-peak fluctuations in the slope of the NDC feature. These features may be related to heating or cotun-
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FIG. 2: Subgap bias spectroscopy, experiment and model.
a, Experimental differential conductance, g, as a function of gate
voltage VG and source-drain VSD , shows characteristic pattern
including negative differential conductivity (NDC). b, Transport
model of a. vG = αVG up to an offset, where α is the gate lever
arm. Axis units are ∆/e = 180 µV, where ∆ is the superconducting gap. See text for model parameters. c, Source and drain
(gold) chemical potentials align with the middle of the gap in the
HQD density of states. No transport occurs due to the presence
of superconductivity. d, Discrete state in resonance with the leads
at zero bias. Transport occurs through single quasiparticle states.
e, Discrete state in resonance with the leads at high bias. Transport occurs through single and double (particle-hole) quasiparticle
states. f, Discrete state and BCS continuum in the bias window.
Transport is blocked when a quasiparticle is in the continuum, resulting in NDC.

neling, not accounted for by the model.
The observation of negative differential conductance
places a bound on the relaxation rate of a single quasiparticle in the HQD from the continuum (in the Al) to
the bound state (in the InAs nanowire). Negative differential conductance arises when an electron tunnels into
the weakly coupled BCS continuum, blockading transport until it exits via the lead. The blocking condition is
shown for a hole-like excitation in Fig. 2f. Unblocking occurs when the quasiparticle relaxes into the bound state,
followed by a fast escape to the leads. NDC thus indicates a long quasiparticle relaxation time, τqp , from the
continuum to the bound state. Using independently determined parameters, the observed NDC is only compatible with the model when τqp > 0.1 µs (see Supplement).
This bound on τqp is used below to similarly constrain
the characteristic poisoning time for the bound state.
Turning our attention to the even-odd structure of
zero-bias Coulomb peaks (Figs. 3a,b), we observed consistent large-small peak spacings (Fig. 3), associating the

3

e

0.1

cludes thermal quasiparticle excitations follows earlier
treatments [40, 41, 43], including a discrete subgap state
e
as well as the BCS continuum [41] (Fig. 3d). Even-odd
0.05
peak spacing difference, Se − So , depends on the difference of free energies,

o

2

2

g (e /h)

g (e /h)

0.1

0

VG (V)

b

1

0

≈

o e

0

2

g (e /h)

c
T = 50 mK
B=0

≈

a

862 864 934 936
VG (mV)

0

d

S (mV)

85
E0
0

T = 350mK
B = 150mT

0

VG (V)

1

o
0

e

1 N 2

4
(Fo − Fe ) ,
αe

(1)

where α is the (dimensionless) gate lever arm. The free
energy difference, written in terms of the ratio of partition functions,
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FIG. 3: Even-odd Coulomb peak spacings a, Measured zerobias conductance, g, versus gate voltage, VG , at temperature T ∼
50 mK, and magnetic field B = 0. b, Peak spacing, S, versus gate
voltage. Black points show spacings from a calculated using the
peak centroid (first moment), red points T = 350 mK and B = 0,
purple points B = 150 mT and T ∼ 50 mK. c, Right-most peaks in
a. Peak maxima (4) and centroids () are marked. d, Free energy,
F , at T = 0 versus gate-induced charge, N , for different HQD
occupations, where N = CVG /e up to an offset and C is the gate
capacitance. Parabola intersection points are indicated by circles,
corresponding to Coulomb peaks. BCS continuum (shaded), shown
for odd occupancy. Odd Coulomb diamonds carry an energy offset
E0 for quasiparticle occupation of the sub gap state, resulting in a
difference in spacing for even and odd diamonds.

larger spacings with even occupation, as expected theoretically [42, 43] and already evident in Fig. 1. Occasional even-odd parity reversals on the timescale of
hours were observed in some devices, similar to what
is seen in metallic devices [14]. Peak spacing alternation disappears at higher magnetic fields, B, consistent
with the superconducting-to-normal transition, and also
disappears at elevated temperature, T > 0.4 K, significantly below the superconducting critical temperature,
Tc ∼ 1 K. The temperature dependence is consistent
with similar behavior seen in metallic structures [40, 41],
and can be understood as the result of thermal activation
of quasiparticles within the HQD with fixed total charge.
As seen in Fig. 3c, individual Coulomb peaks are asymmetric in shape, with their centroids (first moments) on
the even sides of the peak maxima. Note that the asymmetry leads to higher near-peak conductance in even
valleys, the opposite of the Kondo effect. The asymmetric shape is most pronounced at low temperature,
T < 0.15 K, and decreases with increasing magnetic field.
The degree of asymmetry is not predicted by the rate
model, even taking into account the known small asymmetry due to spin degeneracy [46]. In the analysis below,
we consider peak positions defined both by peak maxima
and centroids.
A model of even-odd Coulomb peak spacing that in-

depends on D(E), the density of states of the HQD,
Z ∞
Zo
=
dE D(E) ln coth[E/(2kB T )],
(3)
Ze
0
where D(E) consists of one subgap state and the continuum. For ∆  kB T , this can be written
Fo − Fe ≈ −kB T ln(Neff e−∆/kB T + 2e−E0 /kB T ), (4)
√
where Neff = ρAl V 2πkB T ∆ is the effective number of
continuum states for Al volume, V , and normal density
of states ρAl [40, 41] (see Supplement).
Within this model, one can identify a characteristic
temperature, T ∗ ∼ ∆/[kB ln(Neff )], less than the gap,
above which even-odd peak spacing alternation is expected to disappear. Note in this expression Neff itself depends on T , and also that T ∗ does not depend
on the bound state energy, E0 . A second (lower) characteristic temperature, T ∗∗ ∼ (∆ − E0 )/[kB ln(Neff /2)],
which does depend on E0 , is where the even-odd alternation is affected by the bound state, leading to saturation at low temperature [40, 41]. For a spin-resolved
zero-energy (E0 = 0) bound state—the case for unsplit
Majorana zero modes—these characteristic temperatures
coincide and even-odd structure vanishes, as pointed out
in Ref. [36]. In the opposite case, where the bound state
reaches the continuum (E0 = ∆), the saturation temperature vanishes, T ∗∗ = 0, and the metallic result with no
bound state is recovered [40, 41].
Experimentally, the average even-odd peak spacing difference, hSe −So i, was determined by averaging over a set
of 24 consecutive Coulomb peak spacings, including those
shown in Fig. 3, at each temperature. Figure 4 shows
even-odd peak spacing difference appearing abruptly at
Tonset ∼ 0.4 K, and saturating at Tsat ∼ 0.2 K, with a
saturation amplitude near the value expected from the
measured bound state energy, 4V0 = 4E0 /(αe). Figure 4 shows good agreement between experiment and the
model, Eq. (1), using a density of states determined independently from data in Fig. 2, with V = 7.4 × 104 nm3 as
a fit parameter, consistent with the micrograph (Fig. 1a),
and ρAl = 23 eV−1 nm−3 [14].
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FIG. 4: Temperature and magnetic field dependence of the even-odd peak spacings. Average even-odd spacing difference,
hSe − So i, versus temperature, T . Spacing between peak maxima (triangle) and centroids (square) are shown. Spacing expected from
lower Zeeman-split bound state, 4V0 (B) = 4E0 (B)/(αe), indicated on right axis. Quasiparticle activation temperature, T ∗ , and crossover
temperature, T ∗∗ , indicated on top axis. Solid curve is Eq. (1) with a HQD density of states measured from Fig. 2 (∆ = 180 µeV,
E0 = 58 µeV, α = 0.013), and the fitted aluminum volume, V = 7.4 × 104 nm3 . Dotted curve includes a discrete state broadening,
γ = 50 neV, fit to the centroid data. Left inset: Same as main, but at B = 40, 80, 100, 150 mT, from top to bottom. Curves are fit to two
shared parameters: g-factor, g = 6, and superconducting critical field, Bc = 120 mT, with other parameters fixed from main figure. Right
inset: Representative Coulomb peaks showing even (Se ) and odd (So ) spacings.

The asymmetric peak shape complicates measurement
of even-odd spacings, as one can either use the centroids
or maxima to measure spacings, the two methods giving
different results. Larger peak tails on the even valley side
cause the centroids to be more regularly spaced than the
maxima. This is evident in Fig. 4, where the centroid
method shows a decreasing peak spacing difference at
low temperature, while with the maximum method the
spacing remains flat. The thermal model of Se − So can
also show a decrease at low temperature if broadening of
the bound state is included (See Methods). We do not
understand at present if the low temperature decrease in
the centroid data is related to the decrease seen in the
model when broadening is included. It is worth noting,
however, that the fit to the centroid data gives a broadening γ = 50 neV, reasonably close to the value estimated
from the lead couplings, (hΓ0 )2 /∆ = 20 neV.

Good agreement between the peak spacing data and
the thermodynamic model (Fig. 4) suggests that the
number of thermally activated quasiparticles obeys equi2 −2∆/kB T
librium statistics, Neq (T ) = Neff
e
(see Supplement for derivation). Saturation caused by the bound
state means that even-odd amplitude loses sensitivity as
a quasiparticle detector below Tsat . We therefore take
Neq (Tsat ) ∼ 10−5 (for Tsat ∼ 0.2 K) as an upper bound
for the number of quasiparticles at temperatures below
Tsat . The corresponding upper bound of the quasiparticle
fraction, xqp = Neq (Tsat )/(ρAl V ∆) ∼ 10−8 , is comparable to values in the recent literature, 10−5 − 10−8 , for
metallic superconducting junctions and qubits [3–6, 13].

Applied magnetic field (direction shown in Fig. 1b)
reduces the characteristic temperatures Tonset , Tsat , and
saturation amplitudes. Field dependence is modeled by
including Zeeman splitting of the bound state and orbital
reduction of the gap and bound state energy, taking the
g-factor and critical magnetic field as two fit parameters
applied to all data sets. The fit value g = 6 lies within the

We now discuss the implications of our measurements
for determining the poisoning time, τp , of the bound
state. For the present geometry, the dominant source
of poisoning of the bound state is not tunneling of electrons from the leads, which is negligible in the strongly
blockaded regime, but is rather the continuum in the
strongly-coupled Al, within the isolated structure itself.

typical range for InAs nanowires [47, 48], supporting our
interpretation of the bound state residing in the InAs.
The fit value of critical field, Bc = 120 mT, is typical for
this geometry.

5
Theoretical estimates [8] suggest an inverse relationship
between τp and the number of available quasiparticles,
with a proportionality that depends on system details.
Taking the bound on single quasiparticle relaxation time
from the continuum into the bound state, τqp > 0.1 µs,
from above, as the poisoning time when a single quasiparticle is present, we estimate τp by scaling for the actual
number of quasiparticles in equilibrium, Neq , giving a
poisoning time τp = τqp /Neq & 10 ms.
We expect τp to depend weakly on the bound state
energy for low-energy bound states [11, 49, 50], including for Majorana zero modes at E0 = 0. Device geometry may somewhat alter the number of quasiparticles
available to relax into the bound state, i.e. by changing Neff , but any increase can be compensated by exponentially small decreases in the quasiparticle temperature. The long poisoning time obtained here suggests
that a large number of braiding operations in Majorana
systems should be readily achievable within the relevant
time scale.
Methods
Sample preparation: InAs nanowires were grown in
the [001] direction with wurzite crystal structure with Al
epitaxially matched to [111] on two of the six {11̄00} sidefacets. They were then deposited randomly onto a doped
silicon substrate with 100 nm of thermal oxide. Electronbeam lithographically patterned wet etch of the epitaxial
Al shell (Transene Al Etchant D, 55 C, 10 s) resulted in a
submicron Al segment (310 nm, Fig. 1a). Ti/Au (5/100
nm) ohmic contacts were deposited on the ends following
in situ Ar milling (1 mTorr, 300 V, 75 s), with side gates
deposited in the same step. For the present device, the
end of the upper left gate broke off during processing.
However, the device could be tuned well without it.
Master equations: The master equations (used for
Fig. 1b) consider states with fixed total parity, composed
of the combined parity of quasiparticles in the thermalized continuum and the 0, 1, or 2 quasiparticles in the
bound state (see Supplement).
Free energy model: Even and odd partition functions
in Eq. 2, Fo − Fe = −kB T ln(Zo /Ze ), can be written as
sums of Boltzmann factors over respectively odd and even
occupancies of the isolated island. For even-occupancy,
Ze = 1 +

X

e−Ei /kB T e−Ej /kB T + ...,

(5)

where D(E) is the density of states of the HQD,
1
1
(E) + ρ−
(E).
D(E) = ρBCS (E) + ρ+
2 0
2 0

(7)

We take ρBCS (E) to be a standard BCS density of states,
ρBCS (E) = p

ρAl V E
E 2 − ∆(B)2

θ(E − ∆)

(8)

(θ is the step function), and ρ0 to be a pair of Lorentzianbroadened spinful levels symmetric about zero,
γ/2π
γ/2π
+
.
± 2
2
(E −
(E + E0 ) + (γ/2)2
+ (γ/2)
(9)
Zeeman splitting of the bound state and pair-breaking by
the external magnetic field are modeled with the equations
ρ±
0 (E) =

E0± )2

1
∆(B)
E0 ± gµB B,
∆
2
s
 2
B
∆(B) = ∆ 1 −
,
Bc

E0± (B) =

(10)
(11)

where E0 is the zero-field state energy and ∆ is the zero
field superconducting gap. In the event that a bound
state goes above the continuum, Es+ > ∆(B), we no
longer include the state in the free energy. Equation (6)
was integrated numerically to obtain theory curves in
Fig. (4).
Equations (10) and (11) are reasonable provided the
lower spin-split state remains at positive energy, E0− > 0.
For sufficiently large Bc , the bound state will reach zero
energy, resulting in topological superconductivity and
Majorana modes, the subject of future work.
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i6=j

where the first term stands for zero quasiparticles, the
second for two (at energies Ei and Ej ), and additional
terms for four, six, etc. Zo similarly runs over odd occupied states. Rewriting these sums as integrals over
positive energies yields
Z
Fo − Fe = −kB T ln tanh

∞

dE D(E) ln coth(E/2kB T ),
0

(6)
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SUPPLEMENTARY INFORMATION:
QUASIPARTICLE PARITY DYNAMICS IN A SUPERCONDUCTOR-SEMICONDUCTOR HYBRID
QUANTUM DOT

1.
2.
3.
4.
5.
6.

Effective gate voltage definition
Bound on the single quasiparticle relaxation time
Detailed interpretation of Coulomb diamonds
Derivation of transport and thermal model
Comparison of free energy approximations
Effect of the bound state on the free energy

1. Effective gate voltage definition

We define an effective gate voltage in software to tune the HQD. The physical gate voltages, VR and VL , are related
to the effective gate voltage, VG , by
VR = VR,0 + κ VG ,
p
VL = VL,0 + 1 − κ2 VG ,
with κ = 0.9997 and offset voltages VR,0 = −2.41 V, VL,0 = −3.96 V.
These transformation rules ensure that VG2 = (VR − VR,0 )2 + (VL − VL,0 )2 , so that VG can be interpreted as the
distance from (VR,0 , VL,0 ) in the VR − VL plane.
All measurements are performed at backgate voltage VBG = 2.39 V.

2. Bound on the single quasiparticle relaxation time

The effect of quasiparticle relaxation is shown in Figs. S1a-e. Quasiparticle relaxation results in a disappearance
of the negative differential conductance, in combination with the appearance of an extra conductance threshold. We
quantify this observation by introducing the relative conductance ratio
R=

g 0 + gNDC
g 0 − gNDC

(S1)

where gNDC is the minimum of the negative differential conductance, and g 0 is the maximum of the extra conductance
threshold that appears when τqp → 0 (see Fig. S1i). The R-value is a metric for the relative strength of the negative
differential conductance.
Figs. S1f-j show example conductance traces at constant bias and their associated R-values. The traces show that
R ≈ −1 corresponds to slow quasiparticle relaxation, and R ≈ 1 corresponds to fast quasiparticle relaxation.
Fig. S2 shows the R-value calculated as a function of single quasiparticle relaxation time, τqp . Also shown is a
measured R-value averaged over all negative differential conductance features in Fig. 1 of the main text. The measured
R-value is consistent with τqp > 0.1 µs, giving the experimental bound on the single quasiparticle relaxation time.

3. Detailed interpretation of Coulomb diamonds

Each conductance threshold in the Coulomb diamond plots can be interpreted with the help of the transport model,
as shown in Fig. S3. For example, the highest bias at which NDC is observed occurs at the intersection of black and
green lines, when vSD = (∆ + E0 )/e.

2

a

b

vSD (Δ/e)

0.2
0
0

EXPERIMENT

τqp = ∞

g
g (e /h)

0.1

i

τqp = 0

j

-0.2

g’

0

-0.1

1100
1120
VG (mV)

h

τqp = 5 ns

0.1

2

0

τqp = 0.1 μs

2

f
2

0.4

-1

-0.2

g (e /h)

e

1

0

-0.1

d

g (e /h)

Vsd ( mV)

0.2

c

R = -0.95
-1

0
1
vG (Δ/e)

R = -0.8
-1

gNDC

0
1
vG (Δ/e)

-1

R = 0.1
0
1
vG (Δ/e)

R=1
-1

0
1
vG (Δ/e)

Fig. S1: Effect of quasiparticle relaxation. a Measured conductance g versus source-drain bias VSD and gate VG . b,
Transport model of a, with τqp = ∞. vG ≡ αVG up to an offset, where α is the gate lever arm. Axis units are ∆/e = 180 µV.
c-e, Model with τqp = 0.1 µs, τqp = 5 ns, and τqp = 0 respectively. f-j, Conductance versus gate at constant bias indicated in
a. Relative conductance ratio, R = (g 0 + gNDC )/(g 0 − gNDC ), for theory curves is labeled (see text).
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Fig. S2: Single quasiparticle relaxation bound. Relative conductance ratio, R = (g 0 + gNDC )/(g 0 − gNDC ), versus single
quasiparticle relaxation time τqp . Dashed curve is theory derived as shown in Fig. S1. Data is the average over all charge
transitions in Fig. 1, with vertical error the standard deviation of the mean, and horizontal error propagated from vertical.

4. Derivation of transport and thermal model

This section gives a detailed derivation of the transport and thermal model used in the main text.
To describe the electron transport through a metallic superconducting quantum dot we consider the following
model:
H = HLR + HD + HT ,

(S2)
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Fig. S3:
Interpreting conductance thresholds. a, Calculated conductance g versus vSD and vG . E0 = 0.1∆, all
other model parameters same as main text. Dotted lines are vSD /2 = ±(vG + ∆/e) [black], vSD /2 = ±(vG + E0 /e) [blue],
vSD /2 = ±(vG − E0 /e) [green], vSD /2 = ±(vG − ∆/e) [red]. b, E0 = 0.32∆, all model parameters same as main text. c,
E0 = 0.5∆, all other model parameters same as main text. Color scale shared across all plots.

where the Hamiltonian
HLR =

X

(εανs − µα ) c†ανs cανs

(S3)

ανs

describes the normal metallic leads with c†ανs being an electron creation operator in the lead α ∈ {L, R}, with an
orbital quantum number ν and spin s ∈ {↑, ↓}. The leads have chemical potentials given by µα = ±V /2, where V
denotes symmetrically applied bias. For the semiconductor-superconductor hybrid quantum dot, we use a simplified
model consisting of a Bardeen-Cooper-Schrieffer (BCS)[S1] continuum and an Andreev bound state for fixed number
of particles [S2]:
i
X h
X
†
†
c
HD =
E0 γ0s,p
γ0s,p +
En γns,p
γns,p + EN
,
(S4)
n

s,p=e,h

c
EN
= U (N − Ng )2 ,

hX

N=

d†0s d0s +

s

X

i
d†ns dns ,

(S5)

n

where d†ns creates an electron in the continuum with quantum number n (e.g. momentum of electrons on the dot),
and d†0s denotes electron creation in a localized level, which gives rise to a subgap state in the BCS spectrum. The
c
charging effects on the quantum dot are described by constant interaction model given by the term EN
, where the
charging energy is given by EC = 2U and the number of electrons on the dot is controlled by a gate voltage Vg , which
is parameterized by dimensionless number Ng = Vg /EC . The operator N gives the total number of electrons on the
dot. With superconducting pairing, the dot Hamiltonian is diagonal in the basis of the quasiparticle operators γ † ,
which are given by [S3–S5]
†
dns = un γns,e + svn γ−ns̄,h
,

(S6a)

γns,e = un dns − svn d†−ns̄ S,

(S6b)

†

svn d†−ns̄ ,

(S6c)

γns,h = S † γns,e ,

(S6d)

γns,h = un S dns −
†
†
γns,e
= S † γns,h
,

4
†
denoting the quasiparticle creation operator, which
with S † denoting the Cooper pair creation operator and γns,e/h
adds an electron/hole to the system. Here a state with quantum numbers −ns is the time-reversed partner of a state
with quantum numbers ns. The quasiparticle excitation energy En and the BCS coherence factors un , vn are given
in terms of superconducting gap ∆ and electron dispersion on the dot εn as
s 
s 


p
1
ε
1
εn
n
2
2
1+
, vn =
1−
.
(S7)
En = εn + ∆ , un =
2
En
2
En

Similarly, the subgap state operator is expressed as
†
d0s = u0 γ0s,e + sv0 γ0s̄,h
,

(S8)

√
with u0 , v0 being model dependent coherence factors, which we set to u0 = v0 = 1/ 2 for simplicity. Lastly, the
electrons in the leads and in the dot are coupled by the tunneling
Xh
X
i
tS,α c†ανs d0s + t∗S,α d†0s cανs +
HT =
tC,α c†ανs dns + t∗C,α d†ns cανs
ανs

=

Xh

n

tS,α c†ανs (u0 γ0s,e

+

†
sv0 γ0s̄,h
)

†
+ t∗S,α (u∗0 γ0s,e
+ sv0∗ γ0s̄,h )cανs

(S9)

ανs

+

X
†
†
tC,α c†ανs (un γns,e + svn γ−ns̄,h
) + t∗C,α (u∗n γns,e
+ svn∗ γ−ns̄,h )cανs

i

,

n

where tC,α gives the tunneling amplitude to the continuum and tS,α gives the tunneling amplitude to the subgap
state.
Thermodynamics of the even/odd effect

We now present the free energy difference between the superconducting metallic island having even or odd number
of electrons. The parity of the number of quasiparticles has to be equal to the parity of the number of electrons N
on the island. The free energy difference δF between the odd and even occupation is expressed as [S6, S7]
 
Zo
1
δF = Fo − Fe = − ln
,
(S10)
β
Ze
in terms of the partition functions for different parities
Y
Y
2Zo/e =
(1 + e−βEn ) ∓ (1 − e−βEn ).
n,s

(S11)

n,s

where β = 1/kB T denotes the inverse temperature of the island. For a sufficiently large island the single particle
spectrum can be described by the spectrum of a grounded superconductor where the single particle spectrum En is
given by Eq. (S7).
Without a subgap state the free energy difference Eq. (S10) is expressed as
"

#


Z +∞
βEn
1
βE
1X
ln coth
= − ln tanh
dE ρBCS (E) ln coth
,
(S12)
δFBCS = −kB T ln tanh
2 n,s
2
β
2
∆
where ρBCS (E) is the BCS density of states for quasiparticles on the island given by
ρBCS (E) = √

ρD E
,
E 2 − ∆2

(S13)

with ρD = ρAl V denoting the normal state density of states, including spin, and ρAl is aluminum density of states per
volume, and V is the volume of the island. For small temperatures β∆  1, the free energy difference (S12) can be
approximated as
 Z +∞



−βE
δFBCS ≈ −kB T ln tanh 2
dE ρBCS (E)e
= −kB T ln tanh Neff e−β∆ ≈ ∆ − kB T ln(Neff ),
(S14)
∆

5
where an effective number of quasiparticle states Neff is given by
Z +∞
p
Neff = 2
dE ρBCS (E)e−β(E−∆) = 2ρD ∆eβ∆ K1 (β∆) ≈ ρD 2πkB T ∆

(S15)

∆

and Kν (x) denotes the modified Bessel function of the second kind.
With a subgap state the free energy difference Eq. (S10) acquires an additional term and one gets

Z +∞


βE
dE ρBCS (E) ln coth
δFABS = −kB T ln tanh
+ ln coth(βE0 /2) .
2
∆

(S16)

See also Eq. (S42) where the approximate expression for the first term in used.
In the main text we discuss how the low-temperature data deviates from the above Andreev-bound-state model in
terms of a life-time broadening of the subgap state. This is done by including a phenomenological broadening with
width γ into the subgap density of states, which then gives the free energy difference
  #
"Z


Z
+∞
γ ln coth βω
2
1 X +∞ dω
βE
+
.
(S17)
dE ρBCS (E) ln coth
δFABS−LB = −kB T ln tanh
2
2
2 τ =±1 0
2π (ω − τ E0 ) + (γ/2)2
∆
s=↑,↓

In the kinetic equation calculation presented below, the equilibrium distributions of quasiparticle in the continuum with
an even or odd number of quasiparticles are needed. Since we will assume that the particles occupying the continuum
are effectively equilibrated, we find the distribution functions by modifying the usual Fermi-Dirac distribution function
as

1

,
 fe (E) = β(E+δFBCS )
1
e
+1
fP (E) = βE
→
(S18)
1

e (ZP /ZP̄ ) + 1
 fo (E) =
,
eβ(E−δFBCS ) + 1
where P ∈ {e, o}, and P̄ represents the opposite of P .
Number of quasiparticles

Using the above results, we derive a simple expression for the number of quasiparticles in the absence of a bound
state. At low temperature, when δFBCS = ∆ − kB T ln(Neff ), the distribution functions take the form
fe = Neff e−β(E+∆) ,
1 −β(E−∆)
fo =
e
,
Neff
where Neff is given by Eq. (S15).
The number of quasiparticles in each parity state can then be calculated using
Z +∞
NP = 2
dE ρBCS (E)fP (E).

(S19)
(S20)

(S21)

∆

Substituting the above expression for fo gives No = 1, as expected. Substituting fe gives the quasiparticle number
Z +∞
Ne = 2
dE ρBCS (E)Neff e−β(E+∆)
∆
Z +∞
−2β∆
= Neff e
dE 2ρBCS (E)e−β(E−∆)
=

∆

−β∆ 2

Neff e

.

(S22)

Because of the large charging energy Ne is the square of the bulk value Neff e−β∆ , indicating that quasiparticles must
be created in pairs.

6
Incoherent transport

We now calculate the current through the quantum dot by a set of master equations, with transition rates calculated
by Fermi’s golden rule, which is valid in the weak tunneling regime or the so-called sequential tunneling regime.
According to the Fermi’s golden rule the transition rate from the initial state i to the final state j caused by a
perturbation V is given by [S8]:
Γf i = 2π|hf |V |ii|2 δ(Ef − Ei ).

(S23)

In our case we are interested in the transitions caused by the tunneling Hamiltonian (S9) between the states |Di|LRi
and |D0 i|LR0 i:
ΓD0 D,LR0 LR = 2π|hLR0 |hD0 |HT |Di|LRi|2 δ(ED0 − ED + ELR0 − ELR ),

(S24)

where the many-body eigenstates of the lead Hamiltonian HLR are denoted as |LRi and of the dot Hamiltonian HD
are denoted as |Di. Also ED gives the energy of the state |Di and ELR gives the energy of the state |LRi. So we see
that we need the following matrix element
n
X
|tα |2 |un |2 |hLR0 |c†ανs |LRi|2 |hD0 |γns,e |Di|2
|hLR0 |hD0 |HT |Di|LRi|2 =
ανsn
†
+|vn |2 |hLR0 |c†ανs |LRi|2 |hD0 |γ−ns̄,h
|Di|2

(S25)

†
+|un |2 |hLR0 |cανs |LRi|2 |hD0 |γns,e
|Di|2

o
+|vn |2 |hLR0 |cανs |LRi|2 |hD0 |γ−ns̄,h |Di|2 .
Note that we have not written out the terms with the subgap state, but they have an analogous structure.
In order to form the tunneling rates we need to specify what kind of states |Di on the metallic superconducting
quantum dot we consider and what kind of (thermal) averaging procedure for these states we employ. We classify the
states |Di according to the number of electrons N , the number of excitations NS in the continuum, quantum number
l labeling the configuration of the excitations in the state, and the occupancy of the subgap state x ∈ {0, ↑, ↓, 2}, i.e.,
|Di ≡ |N, NS , l, xi.

(S26)

The above states have the energy
c
EN,NS ,l,x = EN
+ Ex +

NS
X

En .

(S27)

n∈l

If the number of electrons N is even/odd then the total number of excitations Ntot,S also has to be even/ood. This
means that the number of excitations in the continuum NS depends on the subgap state occupancy x and the charge
on the dot N , i.e.,

even for N even and x ∈ {0, 2},



 odd for N even and x ∈ {↑, ↓},
NS →
(S28)

odd for N odd and x ∈ {0, 2},



even for N odd and x ∈ {↑, ↓}.
Now we want to thermally average over all quasiparticle states NS of the continuum and their configurations l.
The thermal averaging assumption is valid if the relaxation rate of quasiparticles is much faster than the rate of the
tunneling events between the leads and the island. From the expression (S25) we see that we need to consider the
thermal averages of the following expressions for the dot
X
†
fS (En , N, x) =
WN,NS ,l,x |hN, NS , l, x|γns,p
γns,p |N, NS , l, xi|2 ,
(S29a)
l,NS

f¯S (En , N, x) =

X
l,NS

†
WN,NS ,l,x |hN, NS , l, x|γns,p γns,p
|N, NS , l, xi|2 = 1 − fS (En , N, x),

(S29b)
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where p = e, h. Here WN,NS ,l denotes a thermal distribution for which we have
WN,NS ,l,x =

1 −βEN,N ,l,x
S
e
,
Zx

By using Eq. (S18) and following the prescription (S28),

fe (E),



 f (E),
o
fS (E, N, x) =

f
o (E),



fe (E),

Zx =

X

WN,NS ,l,x .

(S30)

NS ,l

we get the distributions
for N even and x = 0, 2,
for N even and x =↑, ↓,
for N odd and x = 0, 2,

(S31)

for N odd and x =↑, ↓.

After thermally averaging over the source-drain lead states |LRi, using grand-canonical ensemble, and the continuum
states of the dot, we obtain the following tunneling rates from and to the continuum of the dot
Z +∞
EdE
c
c
0
p
fN (EN
Γα N +χ←N ≈ γα
+χ − EN + χ E − χµα )fS,−χ0 (E, N, x),
2 − |∆|2
0
E
(S32)
|∆|
NS +χ ←NS
with fS,+ (E, N, x) = fS (E, N, x), fS,− (E, N, x) = f¯S (E, N, x).
Here γα = 2 × 2π × ρD ρα |tC,α |2 with ρα denoting density of states of the normal leads. The continuum coupling
γα = 2 × 2π × ρD ρα |tC,α |2 is related to the normal-state conductance by gAl = (π/2)(e2 /h)γα . Note that we have set
the chemical potential of the metallic superconducting dot at zero µD = 0 in order not to complicate the calculations,
and also used that εn = ε−n .
Additionally, there are tunneling rates from and to the subgap state. When the starting state has no quasiparticles
in the subgap state, i.e., |0i, we get the following rates
2
c
c
Γα
N −1←N ≈ Γα v0 [1 − fN (EN − Es − EN −1 − µα )],

(S33a)

2
c
c
Γα
N +1←N ≈ Γα u0 fN (EN +1 + Es − EN − µα ).

(S33b)

s←0

s←0

For the state with single quasiparticle |si we get
2
c
c
Γα
N −1←N ≈ Γα u0 [1 − fN (EN + Es − EN −1 − µα )],

(S34a)

2
c
c
Γα
N −1←N ≈ Γα v0 [1 − fN (EN − Es̄ − EN −1 − µα )],

(S34b)

2
c
c
Γα
N +1←N ≈ Γα u0 fN (EN +1 + Es̄ − EN − µα ),

(S34c)

0←s

2←s

2←s
Γα
N +1←N
0←s

≈

c
Γα v02 fN (EN
+1

− Es −

c
EN

− µα ),

(S34d)

and for the state with two quasiparticles |2i we get
2
c
c
Γα
N −1←N ≈ Γα u0 [1 − fN (EN + Es̄ − EN −1 − µα )],

(S35a)

2
c
c
Γα
N +1←N ≈ Γα v0 fN (EN +1 − Es̄ − EN − µα ).

(S35b)

s←2

s←2

Here Γα = 2πρα |tS,α |2 , and s ∈ {↑, ↓} with s̄ denoting the opposite of s. We include the relaxation from the continuum
to the subgap state by introducing the following rates within the same charge state
ΓNo ←No = ΓNe ←Ne = Γrelax .
0←s

(S36)

2←s

Now we want to find the current through the superconducting metallic quantum dot. To do this we need to obtain
the occupation probabilities PN,x of the states described by a number of electrons N on the dot and the occupancy
of the subgap state x. We write the following steady state Pauli master equation for the probabilities PN,x
X
X
d
PN,x = −
ΓN 0 ←N PN,x +
ΓN ←N 0 PN 0 ,x0 = 0,
dt
x0 ←x
x←x0
0 0
0 0
N x

N x

(S37)
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with the condition
X

PN,x = 1.

(S38)

N,x

The rates entering in (S37) are given by
R
ΓN 0 ←N = ΓL
N 0 ←N + ΓN 0 ←N ,
x0 ←x

x0 ←x

(S39)

x0 ←x

and for x = x0 we have
α,x
Γα
N 0 ←N = Γ N 0 ←N
x←x

NS −1←NS

+ Γα,xN 0 ←N .

(S40)

NS +1←NS

When the occupation probabilities PN,x are obtained, the current through the quantum dot can be written as

X 
L
Iseq = (−e)
ΓL
−
Γ
(S41)
N +1←N
N −1←N PN,x .
N,xx0

x0 ←x

x0 ←x

These formulae are then solved numerically to produce the plots in Fig. S1 and Fig. 2b in the main text.
5. Comparison of free energy approximations

This section gives examples of the free energy difference, Fo − Fe , calculated under different approximations,
considering the case without broadening γ = 0 and without an applied field B = 0. Under these conditions the free
energy difference is given by Eq. (S16). When β∆ > 1 the approximation ln coth(βE/2) ≈ 2e−βE can be used for the
R +∞
first term. Applying the identity ∆ dE ρBCS (E)e−βE = ρAl V ∆K1 (β∆) then gives
"

#
βE0
Fo − Fe ≈ −kB T ln tanh 2ρAl V ∆K1 (β∆) + ln coth
,
(S42)
2
where K1 (x) is a Bessel function
of the second kind. In the very low temperature limit β∆  1, βE0 > 1 the
p
approximations K1 (β∆) ≈ π/(2β∆)e−β∆ , ln coth(βE0 /2) ≈ 2e−βE0 , and tanh(x) ≈ x can be used, giving
"
#
Fo − Fe ≈ kB T ln Neff e−β∆ + 2e−βE0 ,

(S43)

√
where Neff = ρAl V 2πkB T ∆.
Equations (S42) and (S43) constitute two levels of accuracy at which Eq. (S16) can be evaluated. Figure S4
compares the methods. Equation (S42) is an excellent approximation to Eq. (S16) over the experimentally relevant
temperature range. Equation (S43) is poor approximation at intermediate temperatures.
6. Effect of the bound state on the free energy

Figure S5 shows a comparison of the free energy difference, Fo − F, with and without the subgap bound state.
As the lowest energy unoccupied state, the bound state causes the free energy to saturate at Fo − Fe = E0 at low
temperature. It should be noted that the free energy difference with a subgap bound state was also shown in Fig. 5
of Lafarge et al. [S7].
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Fig. S4: Comparison of free energy approximations. Free energy difference Fo − Fe versus temperature T for three
different expressions for the free energy. All parameters same as main text (∆ = 180 µeV, E0 = 58 µeV, γ = 0, B = 0). Black
crosses are numerically exact values from Eq. (S16), red line is Eq. (S42), blue line is Eq. (S43).
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Fig. S5: Effect of bound state on free energy. Free energy difference Fo − Fe versus temperature T with and without the
semiconductor bound state. All parameters the same as main text (∆ = 180 µeV, E0 = 58 µeV, γ = 0, B = 0). Blue trace
includes the BCS density of states only, red trace includes the BCS density of states and the discrete state.

