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Agricultural Sector Modelling 

- A Micro-based Approach based on Mathematical Programming 
 

Svend Rasmussen 
sr@life.ku.dk 

Abstract 

This paper describes a cost function approach to modelling agricultural production 
and resource use. The basic modelling unit is the individual farm firm, and it is shown 
how the marginal cost functions of individual (representative) farms can be aggre-
gated to form the market supply function of farm products, with endogenous price de-
termination of netputs traded within the agricultural sector. 
 
The objective of developing such models is primarily to create instruments that can 
serve as a vehicle for policy analysis and technology assessment. The present paper 
presents the main elements, and shows how the theoretical model may become opera-
tional using Mathematical Programming (Mixed Integer Programming). The final 
part of the paper includes a demonstration of the basic building block of the model 
concept (the cost function of the individual farm firm) in the form of a GAMS pro-
gramme for a hypothetical dairy farm (model farm), and presents the results from 
solving the model. 
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Preface 

This paper is for students and researchers wishing to model agricultural production in 
a production economic framework. It provides the basic elements of modelling pro-
duction at the individual farm level and trade of intermediate goods between farms at 
the sector level. The model is demonstrated in a ready to use GAMS programme of a 
Linear Programming model available from the author on request. 
 
The work was done by Professor Svend Rasmussen. Secretary Inger Sommer has ed-
ited the final version. 
 
 

Mogens Lund 
Institute of Food and Resource Economics 

Copenhagen, June 2007 
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1. Introduction and background 

The Institute of Economics at the former KVL has a long tradition of building and 
applying micro-based models of the Danish agricultural sector. The first version of 
the so-called KVL-model dates back to the beginning of the 1970s, when Frede An-
dersen and Poul Erik Stryg (1974) constructed a Recursive Linear Programming 
model, and used it to forecast production, resource use and regional development in 
Danish agriculture. The model has been developed and used in various contexts up to 
the middle of the 1990s, when further development and use of the KVL-model 
stopped because Poul Erik Stryg passed away. An effort to breathe new life into the 
KVL-model was made by Torben Wiborg (2000), whose PhD project produced a first 
version of the so-called KRAM-model. Since July 2000, no further work has been 
done on the KVL/KRAM-model. 
 
There is still need for economic models of Danish agricultural production and re-
source use. The KRAM model includes modelling structures and data that may be re-
used in an attempt to develop new improved types of models. 
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2. Purpose 

The purpose of this paper is to introduce a new approach to micro-based modelling of 
the Danish agricultural sector. The objective is to describe a general approach that can 
be used when building economic models for various purposes. By using a standard 
approach it is possible to re-use parameters and model structures in various models 
developed for various purposes. Thus, the present paper does not suggest one big 
model. Instead it proposes a way of thinking about construction of micro-based mod-
els of firms and commodity sectors for Danish agriculture. 
 
The objective of developing such models is primarily to create instruments that can 
serve as a vehicle for policy analysis and technology assessment. The present paper 
presents the main elements, and shows how the theoretical model may become opera-
tional using Mathematical Programming (Mixed Integer Programming). The final part 
of the paper includes a demonstration of the basic building block of the model con-
cept (the cost function of the individual farm firm) in the form of a GAMS pro-
gramme for a hypothetical dairy farm (model farm), and presents the results from 
solving the model. 
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3. The overall idea 

The approach to modelling the agricultural sector in this paper is based on the cost 
functions of the individual farm firms. If one knows the cost function it is possible to 
derive the marginal cost function, which under the assumption of profit maximisation 
under perfect competition is the supply function of the firm. 
 
The market supply function is generated by adding (horizontally) the supply functions 
of all the individual firms. An aggregate supply function (S(p)) is (together with a 
demand function D(p)) shown in Figure 1. 
 
Figure 1. Market Supply and Demand 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
In Figure 1 the equilibrium price is p* at the market supply y*. If supply changes1) 
from S to S’, it is possible to identify the new equilibrium price p** and market sup-
ply y**. Furthermore, it is possible to measure the change in the economic surplus 

                                                 
1 For instance as a consequence of the introduction of a new technology. 
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(i.e. the change in consumer and producer surplus) and therefore to conduct economic 
welfare analysis of the induced change. 
 
The procedure to follow in applying this modelling approach is now described in 
more detail. 
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4. The modelling approach 

4.1. The economic model 

The supply function of the individual firm can be derived from the (short run) cost 
function C which is: 
 
(1) ( , , )C C= w y b  
 
where w is an N’-vector of variable input prices, y is an M’-vector of outputs, and b is 
a K-vector of quasi-fixed inputs. Assuming profit maximization under perfect compe-
tition, the supply function is the marginal cost function determined from profit maxi-
mization: 
 
(2) ( , , )m mMC p=w y b   (m=1,… , M’) 
 
where pm is the price of output m and  
 

(3) m
m

CMC
y
∂

=
∂

   (m=1, …, M’) 

 
For operational reasons it is easier to consider the production and supply of just one 
(main) output, y. Therefore, instead of considering explicitly a vector of (variable) in-
put with prices w, and the vector of output y, we consider a netput vector x of input 
and output, consisting of the N’ elements of the original variable input vector, and the 
negatively signed M’-1 elements of the original output vector y. At the same time, the 
interpretation of the price vector w is changed, so that w is now (and in the following) 
an N’+M’-1-vector of netput prices. 
 
Equations (1), (2), and (3) change to: 
 
(4) ( , , )C C y= w b  
 
where w is an N-vector (N=N’+M’-1) of netput prices, y is (main) output, and b is a 
K-vector of quasi-fixed inputs. 
 
The condition for profit maximization changes to: 
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(5) ( , , )MC y p=w b  
 
where p is the price of the main output and the marginal cost is: 
 

(6) CMC
y

∂
=
∂

  

 
The supply function is derived from (5) by solving for y. Thus: 
 
(7) ( , , )j jy s p= w b  

 
where sj(•) is the supply function for firm j. 
 
For given netput prices w (and given amount of quasi fixed input b), the relation be-
tween output price p and production can be shown graphically as in Figure 2. 
 
Figure 2. Supply function for firm j 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

p 

yj

sj(p)
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If all J firms produce the same main product y2), then the aggregate supply of output y 
for the whole sector is estimated by simply adding horizontally the supply functions 
of the individual firms. Thus, the total market supply y is: 
 
(8)      ( ) ( )j j

j j
y y s p S p= = =∑ ∑  

 
The supply function of the individual firm (equation (7)) is based on the ceteris pari-
bus assumption, that the netput prices stay constant when production changes. Thus, 
if the supply function sj(•) in (7) is used as the basis for aggregation in (8), one does 
not take into account that when aggregate production increases due to increasing out-
put price the aggregate demand for netput also increases, and therefore netput prices 
may change. This is shown by the following relation: 
 
(9) ( ( ( )))i i iw w X y p=  
 
where Xi is the aggregate use of (demand for) netput i. 
 
Inserting (9) in (7), the effective supply function of firm j is: 
 
(10) ( , ) ( ( ( ( ))), , )j j jy p s y p pψ= ≡b w X b  
 
where w(X(y(p))) = (w1(X1(y(p))), w2(X2(y(p))),…, wN(XN(y(p)))).3) 

 
Differentiating (10) with respect to the output price p, gives the effective supply re-
sponse of firm j (after allowing for the effect of the change in the netput prices (w) 
induced by the change in the output of all other firms). It is written as: 
 

(11) 
1

N
j j j i i

i i i

y s s w X y
p p w X y p=

∂ ∂ ∂ ∂ ∂ ∂
= +

∂ ∂ ∂ ∂ ∂ ∂∑ . 

 

                                                 
2 The case where the J firms produce different types of main products (for instance, some firms pro-

duce milk and some produce pork) is treated in Section 4.4. 
3 This is the simple case, with no cross product terms (the price of netput i only depends on the 

amount of netput i (and not the amount of other netput)). If necessary cross product terms may be 
included. However, this will make the following expressions more complicated. 
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The change in aggregate supply as a result of an increase in p is the sum of the effec-
tive change in the firms’ supplies indicated in (11). Therefore, aggregating (11) over 
all firms we get the following slope of the aggregate supply curve: 
 

(12) 
1

N
j ji i

j i ji i

s sw Xy y
p p p X y w=

∂ ∂∂ ∂∂ ∂
= +

∂ ∂ ∂ ∂ ∂ ∂∑ ∑ ∑ . 

 
Solving (12) for y p∂ ∂ gives the slope of the market supply curve, i.e.: 
 

(13) 

1

1

j

j
N

ji i

i ji i

s
py

sw Xp
X y w=

∂
∂∂

=
∂∂ ∂∂ −

∂ ∂ ∂

∑

∑ ∑
 

 
Concerning the output price p, the implicit assumption behind equating output price 
and marginal cost (equation (5)) is that farmers consider themselves to be in a com-
petitive market, which is probably a reasonable assumption. 
 
However, farmers plan - not according to output price, but according to expected out-
put price. Various assumptions can be made concerning how decision makers form 
price expectations. The two alternative models to be considered here is naïve expecta-
tions and rational expectations. 
 
With naïve expectations, the expected output price is equal to the present output price. 
This form of price expectation is relatively easy to model. 
 
With rational expectations, the individual farmer not only considers changes in her 
own production, but also the expected changes in the production of other farmers. If 
one has available a market demand and supply function, then it is possible to estimate 
the aggregate effect of a price change, and thus to form a rational expectation of out-
put price p. 
 
Where a rational expectation model is chosen, a price model corresponding to that in 
equation (9) should be used to determine the expected output price p. 
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4.2. Estimation of the cost function of individual farm firms 

The cost function (4) for firm j can be numerically estimated by solving the following 
Mathematical Programming problem 
 
 min wx 
   x 
  

subject to 
 
(14) yj = fj(x1,…,xN, z1, …, zK) ≥ Yj 

 z ≤ bj 

 
where x is a vector of input (positive values) and output4) (negative values), w is a 
vector of corresponding netput prices, z (z1, …, zK) is a vector of inputs available in 
the fixed amounts bj (b1j,…,  bKj), fj(•) is the production function for the main product 
y, and Yj is a parameter measuring the “target production” of output y. 

 
The problem in (14) may be solved for different values of the parameter Yj, thus gen-
erating the cost function (4) and the marginal cost function (6) in numeric terms.5) 
The number of discrete values of parameter Yj that should be applied depends on how 
closely one wants to approximate the numeric representation of the cost function to a 
smooth cost curve. 
  
Assuming profit maximising behaviour, farmers produce an amount so that marginal 
cost equates to marginal revenue6), which in a competitive market is the (expected) 
output price p. Thus, the relationship between output price p and production Y (the 
supply function (7)) for profit maximising producers (facing constant netput prices) is 
given in numerical form by the relation between the production Yj and the correspond-
ing marginal cost (shadow price of the first restriction in (14) - graphical form corre-
sponding to Figure 2). 

                                                 
4 Output other than the main product y. 
5 Marginal cost is the shadow price of the restriction yj = fj(x1,…,xN, z1, …, zK) ≥ Yj  in (14), which is 

provided as output from most mathematical programming software.   
6 Or rather, expected marginal revenue. 
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4.3. Aggregation of supply curves - one main product 

The aggregate supply function for the whole sector adjusted for changes in netput 
prices when production changes can be estimated applying (13). However, an alterna-
tive (and easier) way of generating the aggregate supply for the sector in numeric 
terms is described in the following. This alternative way is based on the adjusted out-
put supply function ( ( , )j jy pψ= b ) shown in the right hand side of (10). 
 
The adjusted output supply function ( , )j pψ b measures firm j’s supply of output y as 
a function of the output price p (and at the fixed level of input b) in the sense that, the 
effect of changes in netput prices (due to changes in aggregate netput demand) have 
been taken into account. Therefore, the aggregate supply may be estimated directly as 
(compare with (8)): 
 
(15)      ( ) ( )j j

j j
y y p S pψ= = =∑ ∑  

 
To estimate ( , )j pψ b  (numerically) it is necessary to consider the relation between 
the output price p, production y, use of netput xi and the price of netput wi. In this con-
text, consider the following five possible types of netput markets (Figure 3). The 
ovals in the Figure symbolise the whole (agricultural) sector with firms (here only 
two, A and B) trading with each other (arrows between the firms) and/or with the 
world market (arrows to and from the individual firms to/from the outside of the sec-
tor). 
 
Figure 3. Different types of markets for netput 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Market type 1 

 A  B  A  B

 Market type 2 

 A  B

 Market type 3 

 A  B

 Market type 4 

 A  B

 Market type 5 
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The first type of market (type 1) refers to netput, where only firms within the (agricul-
tural) sector trade with each other (e.g. new born calves, slurry, land). Type 2 refers to 
a netput market where firms trade both with each other, but also with the world mar-
ket (e.g. straw, heifers). Type 3 is a market where firms buy netput (input) from the 
world market only (e.g. fertilizers). Type 4 is a market where the netput (output) in 
question is sold only to the world market (e.g. bulls for slaughter, grass seed). Finally, 
type 5 is a market where the firm buys the netput in question either from the world 
market, or from each other (e.g. contractor operations). 
 
Assume that world market prices are exogenous and independent of the amount of 
goods traded to/from the sector, and further that these (netput) prices are known to all 
decision makers in the sector. 
 
In market type 2 and 5 the individual firms within the sector may trade with each 
other as well as on the world market. The prices at which this takes place are the cur-
rent world market prices so long as the following conditions apply: 
 
Market type 2: 
 

(16) 
1

0
J

ij
j

x
=

≤∑  

 
Market type 5: 
 

(17) 
1

0
J

ij
j

x
=

≥∑  

 
If these conditions are not satisfied (under prevailing world market prices), then the 
prices at which farmers trade with each other will result in these conditions being 
meet with an equal sign. 
 
The netput prices in market type 1 are market clearing prices, i.e. the prices that sat-
isfy the condition:  
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Market type 1: 
 

(18) 
1

0
J

ij
j

x
=

=∑  

 
Therefore, to use (15) as a vehicle for aggregation, one needs to supplement the esti-
mation of the cost functions in (14) with a module that calculates market clearing net-
put prices according to conditions (16), (17), and (18). This is done iteratively in the 
following way: 
 

1. Collect information about the current (exogenous) market prices for all net-
puts in markets type 2, 3, 4, and 5. 

2. Choose an output price p. 
3. Pick an equilibrium (market clearing) price of netput in market type 1, 2, and 

5 corresponding to the chosen output price p (the first pick of the prices in 
market 2 and 5 will typically be the current market price determined in 1)) 

4. Estimate the cost function for each of the J firms, i.e., solve (14) for each of 
the J firms and for each of the P target production levels of product y. 

5. Register the marginal cost for each of the J firms (read the shadow prices on 
the production restrictions from the GAMS output) 

6. Estimate the aggregate use of netput from market type 1, 2, and 5 assuming 
profit maximising behaviour (p=MC) 

7. Check the conditions (16), (17), and (18), 
8. If any of these conditions are violated, adjust the netput price accordingly, 

and go back to 4). 
9. If all the conditions  (16), (17), and (18) are satisfied, calculate the sum of the 

optimal production of all firms, and save the total estimated supply ŷ  and 
the corresponding output price p in a file F. Choose a new output price p, and 
go back to 3). 

10. Continue the loops 4)-8) and 3)-9), respectively, as long as there remain val-
ues of p for which it would be relevant to estimate aggregate supply ŷ . 

11. Go to the file F and read the aggregate supply function in numerical terms 
(the numerical estimate of S(p) in (15)). 
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4.4. Aggregation of supply curves - multiple main products 

The numerical estimation of the aggregate supply function described in Section 4.3 is 
based on the assumption that all J firms produce the same main product y. This as-
sumption is valid if one considers only, for example, the dairy sector (main product 
milk) or the pig sector (main product pig meat). However, if one considers the whole 
agricultural sector, then it is appropriate to allow for production of different main 
products. In this section the procedure described in Section 4.3 is generalised to mul-
tiple main products. 
 
 The assumption is - as above - that the individual firm may produce M’ different out-
puts ym (m=1,…, M’) of which one is defined as the main product, and the M’-1 oth-
ers are defined as netput of the specific firm in question (see Section 4.1). 
 
In contrast to Section 4.3, the setup is now changed so that, instead of all J firms pro-
ducing the same main product y, they may now produce different main products. 
Thus, one or more of the farms produce milk, some of the others produce pig meat, 
and a third group of farms produce grain, as their respective main products. However, 
the dairy farm (producing milk as the main product) may also produce some grain, 
and the pig farm (producing pig meat as the main product) may also produce some 
milk and some grain. The grain produced on the dairy farm is considered a netput (on 
the dairy farm), and the grain and milk produced on the pig farm are considered net-
puts (on the pig farm).  
 
To control the demarcation between when a given good is considered a main product 
or just a netput, define the set of possible outputs 0 {1,..., '}M M≡ . Some of 
these 0MM M∈  are defined as potential main products7), while the remainder 
( 0 MM M− ) are always characterised as netputs8). All outputs are potentially netputs 
- except on farms where a given output is defined as a main product.  
 
Estimation of the aggregate supply function for a main product now proceeds as fol-
lows: 
 

1. Collect information about the current (exogenous) market prices for all net-
puts in markets type 2, 3, 4, and 5. 

2. Choose a set of output prices pm ( Mm M∈ ). 

                                                 
7 For instance milk, pig meat, grain, etc. 
8 For instance straw, slurry, new born calves, etc. 



 
18    FOI    Agricultural Sector Modelling 

3. Pick an equilibrium (market clearing) price of netput in market type 1, 2, and 
5 corresponding to the chosen set of output prices pm ( Mm M∈ ) (the first 
pick of the prices in market 2 and 5 will typically be the current market price 
determined in 1)).9)  

4. For those netputs (xi) that are also considered main products (ym), set the net-
put price equal to (or some fraction of) the output price pm. 

5. Estimate the cost function for each of the J firms, i.e., solve (14) for each of 
the J firms and for each of the P target production levels. 

6. Register the marginal cost function for each of the J firms (read the shadow 
prices on the production restrictions from the GAMS output) 

7. Estimate the aggregate use of netput in market type 1, 2, and 5 assuming 
profit maximising behaviour (p=MC) 

8. Check conditions (16), (17), and (18), 
9. If any of these conditions are violated, adjust the netput price accordingly, 

and go back to 5). 
10. If all the conditions  (16), (17), and (18), are satisfied, calculate the sum of 

the optimal production of all firms, and save the total estimated supply ˆmy  
( Mm M∈ ) and the corresponding set of output prices pm ( Mm M∈ ) in a 
file F. Choose a new set of output prices pm ( Mm M∈ ), and go back to 4). 

11. Continue the loops 5)-9) and 4)-10), respectively, as long as there remain 
output prices pm ( Mm M∈ ) for outputs for which it would be relevant to es-
timate aggregate supply ˆmy  ( Mm M∈ ). 

12. Go to the file F and read the aggregate supply function in numerical terms 
(numerical estimate of 1( ,..., )

Mm MS p p  ( Mm M∈ ) in (15)). 

4.5. Aggregation of production 

The procedure for numerical estimation of the adjusted market supply function Sm(p) 
( 1( ,..., )

MMp p=p of the product ym ( Mm M∈ ) is described in Sections 4.3 and 4.4. 
 
In Figure 4 the (numerically estimated) supply curve S(p)10) and the (exogenous) de-
mand curve D(p) show the equilibrium price is p* at the market supply y*. 
 
 
                                                 
9  To avoid inconsistency between 3) and 4), we introduce the condition that the netputs mentioned 

in 4) all belong to market type 4) (all this means is that we do not allow farmers to trade, for in-
stance, milk or pig meat with each other). 

10 The product index m has been dropped, and the other output prices are held constant. 
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Figure 4. Market Supply and Demand 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
With this as the benchmark, it is now possible to conduct comparative static analysis. 
For instance, if the supply changes from S to S’, then it is possible to identify the new 
equilibrium price p** and market supply y**, the change in economic surplus, and the 
change in consumer and producer surplus. 
 
If the benchmark (y*, p*) presented in Figure 4 is based on current conditions (current 
world market prices, current demand, etc.) then one would expect that the benchmark 
(y*, p*) would not deviate too much from ( y% , p% ), where y% is current production 
and p% is the current product price. If the model estimated equilibrium (y*, p*) devi-
ates from the current state ( y% , p% ) one is faced with the issue of model calibration. 

4.6. The question of calibration 

The task of model calibration arises when the intention is to replicate empirical ob-
servations. Thus, if the empirical observation is ( y% , p% ) and the model solution is (y*, 
p*), then if  ( y% , p% ) ≠ (y*, p*) the model should be calibrated so that it produces the 
result (y*, p*) = ( y% , p% ). 
 

p

y

S(p)D(p)

y*

p*

S’(p)

p** 

y**
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However, this may not be necessary. If the intention is to use the model for compara-
tive analysis - i.e. to estimate changes, then the benchmark (y*, p*) may be just as 
suiTable for this purpose as ( y% , p% ). 
 
A first consideration is that one cannot be sure that the current state ( y% , p% ) is in fact 
a “proper” equilibrium. Therefore one cannot be sure that the current state is prefer-
able in the sense that one would wish to calibrate the model so that the estimated 
equilibrium (y*, p*) replicates ( y% , p% ). Furthermore, if one prefers to calibrate the 
model so that the estimated equilibrium (y*, p*) equates ( y% , p% ), how should this 
calibration be done? 
 
In cases where modelling is based on models of representative farms, the issue of 
calibration is closely related to that of aggregation.  Both calibration and aggregation 
have been dealt with extensively in the literature (Arfini, 2002; Heckelei et al., 2000; 
Howitt, 1995; Önal and McCarl, 1991; Spreen and Takayama, 1980). 
 
The state of the art concerning calibration within agricultural sector modelling based 
on mathematical programming is the method of Positive Mathematical Programming 
(PMP) where calibration is done by adjusting cost (Heckelei et al., 2000; Howitt, 
1995). 
 
The basic problem of calibration is that it is not known which part of the model or 
data is “wrong”. Is it the behavioural assumptions (profit maximization) of the indi-
vidual firms that are wrong? Is it the technology (fj(•) in (14)) that is modelled incor-
rectly? Is it the prices (w) that are wrong? Or is it the resource vector b? 
 
If everything possible has been done to specify the model correctly, then it is difficult 
to identify where/how the model should be modified (calibrated). If PMP is used for 
calibration, then the calibration is performed by adjusting costs, i.e. by assuming that 
the technology and/or the prices are “wrong”. 
 
However, why could it not be the behavioural assumptions (or the resource vector) 
that are “wrong”? In this case, using PMP to “repair” the model might introduce new 
“wrong” cause-and-effect relationships into the model. In that case it would have 
been better, perhaps, to defer from calibrating the model at all. 
 
In applied economics it is often assumed that if the actual outcome is different from 
that delivered by a production model based on profit maximization, then it is due to 
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decision makers being risk averse; instead of profit maximization, decision-makers 
maximize expected utility. If this interpretation is correct, then the model should be 
calibrated by introducing some kind of risk parameter, and the model could be cali-
brated by “adjusting” this risk parameter. 
 
Which procedure is best, and even whether it is necessary to perform calibration at 
all11) is still open for discussion. Therefore, further investigation is needed on this 
question before the decision is taken to calibrate or not to calibrate the model, and to 
choose the method of calibration. Until then I will deter from suggesting any specific 
method of calibration, and advocate using the model for comparative analysis without 
prior formal calibration.  

4.7. The production model 

The production technology in the model (14) is specified in the form of the produc-
tion function y = f(x1,…,xN, z1, …, zK) and the restriction z ≤ b.12) 
 
Mathematical forms of production functions are rarely available. Therefore, in em-
pirical work it is often necessary to use other approaches to describe the production 
technology. 
 
The production technology in (14) may be described in more general terms in the 
form of the technology set (production set): 
 
(19) {( , , , ) : ( , ) }T y y f and= ≤ ≤x z b x z z b  
 
The typical assumption concerning T is that it is non-empty, closed, has free dispos-
ability of inputs and outputs and that isoquants are convex, i.e. diminishing marginal 
returns applies. 
 
In the context of cost minimization it is more convenient to consider the input re-
quirement set (or just the input set) V(y, b): 

 
(20) ( , ) {( , ) : ( , , , ) }V y y T= ∈b x z x z b  
 
                                                 
11 It may be that changes in production are modelled just as well using an un-calibrated model as by 

using a calibrated model. 
12 For convenience the index for farms j is dropped.   
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where T is defined in (19) and where V is the set of all feasible input-output (netput) 
combinations for which z ≤ b. 

 
Based on the assumption that V(y, b) is convex, it is possible to approximate the input 
set V by choosing a set Φ of discrete production plans such that V(y, b) is the convex 
hull of Φ. For empirical application the set Φ must consist of a finite number of 
points, for example the set of S production plans (x1, z1, y, b), (x2, z2, y, b), …, (xS, zS, 
y, b), where (x1, z1),…, (xS, zS). These are discrete points on the production surface 
corresponding to a given amount y of output, i.e. y=g1(x1, z1) =g2(x2, z2)= …=gS(xS, 
zS). If the term r(y) is used to denote the set of production plans that are chosen to ap-
proximate (the relevant part of) V(y, b),13) then the complete description of the tech-
nology set for all the different levels of output Y chosen when solving (14), is 
{r(Y1)∪ r(Y2)∪…∪ r(YP)}=R. Thus R ( R T⊆ ) is a set of discrete production plans 
that can be used to approximate T (for farm j) 
 
This way of modelling the technology set is based on the process analysis approach to 
the neoclassical theory of production first discussed by (Georgescu-Roegen, 1972). 
This approach has been applied in empirical work on modelling agricultural produc-
tion by, for example Jacobsen (Jacobsen et al., 1998). In Jacobsen’s report, the set of 
discrete production plans described above is called “the knowledge set” and a specific 
element in a “knowledge set” is defined as: “An integrated description of a factor use 
and the resulting biological/technical consequences hereby, where a factor use is a 
specific amount of production factors used in a specific way in a specific production 
system” (p. 58). 
 
To identify the convex hull that approximates V, an appropriate method to use is Lin-
ear Programming, in which case the technology will be piecewise linear (a polytope). 
To illustrate, consider the functional form of gs(•) (see (20) below)) (s= 1,…, S) as 
Leontief production functions, i.e.: 
 
(21) 1 1 2 2 1 1 2 2( , ) min{ , ,..., , , ,..., }sj sj sj sj sj sj

sj N N N N N K Kg x x x z z zα α α α α α+ + +=x z

 ( ( )s r y∈ ) 
 
where gsj(•) is the production of output y using production plan s on farm j, and sj

iα is 
the amount of output y pr. unit of input i (i=1,…, N+K) using production process s on 

                                                 
13 In the present example, r(y)={(x1, z1), …, (xS, zS)} 
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farm j. (In the next section where the mathematical programming model is described 
in more detail, the vector ( 1 11/ ,...,1/ ,1/ ,...,1/s s s s

N N N Kα α α α+ + ) = 
( 1 1,..., , ,...,s s s s

N N N Ka a a a+ + ) is called a production vector As or a production process). 
 
Assuming constant returns to scale, the production on farm j may be described as the 
convex combination of Leontief production functions: 
 
(22) ( , ) ( , )j j s sj

s R
y f gλ

∈

= =∑x z x z  

 
where sλ  are variables such that: 
 
(23) 1s

s R
λ

∈

=∑ ,     0 1sλ≤ ≤ ,      ( s R∈ ) 

 
A potential problem with the Leontief production function g in (21) is that it has con-
stant returns to scale, and therefore it is apparently not possible to model economies of 
scale. For instance in milk production, the amount of labour necessary to produce one 
unit of output typically declines with the scale of production, so it cannot be modelled 
using (21), (22) and (23). 
 
One way to avoid this problem is to include scale specific production plans (produc-
tion vectors). Consider for instance the following example: The production of milk 
per unit of labour depends on the scale of production. With a scale of y = 400,000 kg 
of milk, the production of milk is 250 kg pr. hour of labour input. With a scale of y = 
600,000 kg milk, the production of milk is 300 kg pr. hour. And with a scale of y = 
800,000 kg milk, the production of milk is 350 kg pr. hour. 
 
In this example one could include three scale specific production processes 1sA , 2sA , 
and 3sA that differ in the sense that 1sA  has a parameter 1s

iα =250, 2sA has a parame-
ter 2s

iα =300, and 3sA  has a parameter 1s
iα =350. 

 
If such scale specific production vectors are included in the set R that describes the 
production plans, then it is also possible to model economies of scale. However, to 
make sure that only allowable production processes are in use, further restrictions are 
needed. For instance, in the example above, to make sure that the production proc-
ess 2sA is not in use unless the scale of production is 600,000 kg or more, it is neces-
sary to restrict the parameters 

2sλ and 
3sλ in (22) and (23) to be zero when production 
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y is less than 600,000 kg. Similarly it is necessary to restrict
3sλ to be zero when pro-

duction y is less than 800,000 kg. 
 
The complete production model that allows for modelling economies of scale in the 
sense that all scale specific production processes can produce more than the specific 
scale but not less, is accomplished by including the scale specific production proc-
esses in the set R, and by adding the following restrictions to the model  (22) and (23): 
 
(24) 0sλ =  if As is a scale specific production process and yi <

sY  
 
where sY is the specific “scale” limit for production process As. 
 
The problem (22), (23), and (24) is a so-called mixed integer programming problem, 
and may be solved using GAMS. 

4.8. The Linear Programming model 

The linear programming model to be used for estimating the cost function (14) for an 
individual farm firm has a general form. 
 
The starting point is a set {A1, …, AS} of production vectors capable of producing 
output y (for instance milk). A production vector As has 1+N+K elements and is of the 
form: 
 

(25) 

1
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where s
ia (s=1,…, S) is the use of netput i (i=1,…, N+K) pr. unit of output y applying 

production process s. If s
ia is positive then it is an input. If s

ia is negative then it is an 
output. 
 
Further, define a set {D1, …, DN}of production vectors potentially capable of produc-
ing netput n (n=1,…, N). A production vector Dn has 1+N+K elements, and is of the 
form: 
 

(26) 
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where n

id (n=1,…, N) is the amount of netput i (i=1,…, N+K) used to produce one 
unit of netput n. If n

id is positive then it is an input. If n
id is negative then it is an out-

put.14) 

 
Define the [(N+K+1)×S] matrix A as: 
 
(27) 1 SA A⎡ ⎤≡ ⎣ ⎦A L , 
 
Define the [(N+K+1)×N] matrix I as: 
 

                                                 
14 As defined here, there is only one production process for each netput xn. As with the output y, one 

could include the possibility of having additional scale specific production plans for production of 
each netput. To keep things simple this has not been done here. (If needed, the extension is 
straight forward. The procedure is the same as described in Section 4.6). 



 
26    FOI    Agricultural Sector Modelling 

(28) 
0N

N

KN

⎡ ⎤
⎢ ⎥≡ ⎢ ⎥
⎢ ⎥⎣ ⎦

I I
0

 

 
where 0N  is a row vector of N zeros, IN is a (N×N) matrix with ones in the diagonal 
and zeros elsewhere (an Nth order identity matrix), and 0KN is an(K×N) matrix of ze-
ros, 
 
Define the (N+K+1) vector: 
 

(29) '0N

Y⎡ ⎤−
⎢ ⎥≡ ⎢ ⎥
⎢ ⎥⎣ ⎦

B
b

 

  
where Y is the required production level of product y (milk), '0N  is a N element col-
umn vector of zeros, and b is a K-element column vector of quasi fixed input. 
 
Define the [(1+N+K)×N] matrix D as: 
 
(30) 1 ND D⎡ ⎤≡ ⎣ ⎦D L , 
 
Then the problem (14) can be formulated as a linear programming problem as: 
 

(31) 
, ,

m i n { }

0 ; 0 ;

s t
+ − ≤

≥ ≥

u v x
w x

A v D u I x B
v u

 

 
where w is a N-vector of netput prices, x is an N-vector of the amount of netput that 
the firm purchases (negative) / sells (positive), u is an N-vector of the amount of net-
put that the firm produces, and v is an S-vector of output y that the firm produces ap-
plying production process s (s=1,…, S). 
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Problem (31) can be solved using the software GAMS. To ensure that scale specific 
production plans are not applied below the required scale (as specified in (24)), it is 
necessary to use binary variables (see Rasmussen (2005), pp. 295-296). GAMS in-
cludes the facility to restrict variables to be binary. 
 
The model includes the facility that any of the N netput (x1, …, xN) may either be 
bought at prices (w1, …, wN) or produced within the firm applying the production 
processes (D1,…, DN). In a number of cases, production of input at the firm level is 
not an option. For instance fertilizers and pesticides are typically not produced on 
Danish farms. In those cases the relevant production processes are excluded from the 
matrix D and the corresponding elements from the production vector u. 



 
28    FOI    Agricultural Sector Modelling 

5. Demonstration of LP model 

This section demonstrates the LP model presented in general terms in Section 4.8. 
The model solves the problem (14) shown in Section 4.2, to estimate the cost function 
for an individual farm. 
 
The demonstration farm presented in the following is a model dairy farm (main prod-
uct milk) with 50 hectares of ordinary farm land, 2 hectares of meadow in permanent 
pasture, a cattle sTable with space for 70 dairy cows and required young stock, and a 
fixed labour force of 2,500 hours per year. 
 
In addition to milk, the farm produces young stock for replacement (heifers) or sale 
(new born calves and heifers), roughage, grain and other cash crops. All machine op-
erations are carried out using contractors. 
 
Production and price data are based on contemporary norms or standard data. The ma-
jor sources are publications from Danish research and agricultural advisory centres ( 
Landscentret, 2006a; Landscentret, 2006b;  Landscentret, 2006c; Landsudvalget for 
kvæg, 1997; Landsudvalget for kvæg, 1999; Østergaard et al., 2003). Concerning use 
of inputs other than feed and labour, data are based on account statistics from Institute 
of Food and Resource Economics  (2006). 

5.1. Dairy cows 

The dairy cows on the farm have genetic potential of 8,500 kg of milk per year. How-
ever, actual milk production depends on the type and amount of feed consumed. With 
the assumption of decreasing marginal productivity, the LP model has to be adjusted 
so that the production function is approximated by a piecewise linear function. In this 
demonstration case the production function was approximated using linear combina-
tions of the four discrete points of the production function shown in Table 1. 
 
Table 1. Feed input and milk production per year. Points on the production func-

tion 
     
 Feed plan 1 Feed plan 2 Feed plan 3 Feed plan 4 
     
Feed Units (FE) per cow and year 4,494 5,011 5,523 5,976 
     
Milk production, kg per cow 6,633 7,560 7,903 8,143   
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The quality of feed is required to be within the following limits of the various attrib-
utes. 
 
The feed quality demands in Table 2. are based on (Landsudvalget for kvæg, 1999). 
The feed capacity (k) is a relative measure of the how much volume of feed the cow 
is able to eat measured in so-called fill units (Østergaard et al., 2003). The term AAT 
is an abbreviation of amino acid absorbed in the intestine, and PBV is an abbreviation 
of protein balance in the rumen. 
 
Table 2. Quality demand for feed (dairy cows) 
  
Feed capacity per cow and year, fill units (k) (max) 2,405 
AAT, g pr. FE (min) 90 
PBV, g pr. FE (min) -3 
PBV, g pr. FE (max) 50 
Fat acid, g pr. FE (min) 19 
Fat acid, g pr. FE (max) 50 
Sugar, g pr. FE (max) 280 
Starch, g pr. FE (max) 280 
Sugar + starch, g pr. FE (max) 360 
Digestible cell wall, g pr. FE (min) 260 
Fill (k), pr. day (max) 6.59 
Chewing time, minutes pr. FE (min) 33   

 
 
The production of output (other than milk) from dairy cows includes the following. 
 
Table 3. Other production (netputs) per dairy cow and year 
  
Slaughter cows, number 0.42 
Calves, number 1.06 
Slurry, kg per FE consumed 3.5   

 
 
Besides feed and labour, dairy farms use the following inputs. 
 
The first four items in Table 4 have a unit of measurement which is the cost (in DKK) 
according to account statistics from Institute of Food and Resource Economics (FOI). 
Thus the units of these items are to be interpreted as quantity indices, where the basic 
unit of each individual item has the price DKK 1 in year 2006. 
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Table 4. Use of input (netputs), units per dairy cow and year 
  
Veterinary and medicine, units 545 
Insemination, units 265 
Energy, units 237 
Sundries, units 507 
Heifers in calf, number 0.45   

 
 
Use of labour depends on the size of the herd (economies of scale)as shown the fol-
lowing Table 5. 
 
Table 5. Use of labour (dairy cows) 
    
Number of dairy cows in herd 0-34 34-51 51-70 
Labour, hours per cow and year 46.5 41.3 37.6   

 
 
Modelling economies of scale in an LP model is done by using integer programming 
(see later). 

5.2. Young stock 

The production system includes 1.1 young stocks per dairy cow.  The production data 
for the young stock are given in the following three Tables. 
 
Table 6. Feed data for 1.1 young stock 
  
Feed capacity per year, fill units (k) (max) 3 100 
Energy, FE (min) 2 017 
Digestible protein, g pr. FE (min) 90   

 
 
Table 7. Production data for 1.1 young stocks per year 
  
Production of heifers in calf, number 0.45 
Production of slaughter heifers, number 0.05 
Slurry, kg per FE 3.5   
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Table 8. Use of inputs per 1.1 young stocks 
  
New born calves, number 0.53 
Veterinary and medicine, units 149 
Insemination, units 107 
Energy, units 55 
Sundries, units 224   

 
 
The economies of scale in use of labour in Table 5 also apply to the young stock as 
shown in Table 9. 
 
Table 9. Use of labour (young stock) 
    
Number of dairy cows in herd 0-34 34-51 51-70 
Labour, hours per 1.1 young stock and year 8.6 7.6 6.9   

5.3. Feed 

The quality and quantity of attributes in the various potential feed stuffs used for feed-
ing dairy cows and young stock are shown in Table 10. 
 
Notice that there are two types of pasture: Pasture 1 and Pasture 2. Pasture 1 is a mix-
ture of grass and clover used for both grazing and silage making.15) Pasture 2 is pure 
Italian ryegrass used for silage making (three, four or five cuts). The terms “low FK”, 
“med FK”, and “high FK” refer to the digestibility of the grass silage. When the grass 
is cut late, the digestibility (FK) is relatively low (“low FK”). When the grass is cut 
early, the digestibility is relatively high (“high FK”). And if it is cut in between, di-
gestibility is intermediate (“med FK”).  Note that the quality of grass (amount of the 
various attributes) depends on its digestibility. 
 
The term “fill (k) is a relative measure of how much space the feed takes up in the 
rumen of the cow. 

                                                 
15 In Danish “sædskiftegræs”. First cut used for silage making. The following cuts for grazing/green 

fodder. 
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Table 10. Feed content, units per Feed Unit (FE) 
             
  Wheat 

green 
feed 

silage 

Barley 
green 

feed 
silage 

Barley/pea 
green feed 

silage 

Pea 
green 

feed 
silage 

Perma- 
nent 

pasture 

Pasture 
1 

low FK 

Pasture 
1 

med FK 

Pasture 
1 

high FK 

Pasture 
2 

low FK 

Pasture 
2 

med FK 

Pasture 
2 

high FK 
             
Weight, kg  3.19 4.02 3.92 3.81 3.24 3.68 3.35 3.12 4.17 3.58 3.21 
AAT, g  92 89 86 82 83 85 79 76 85 79 77 
PBV, g  -52 -29 13 64 40 63 59 53 38 49 48 
Fat acid, g   17 17 16 16 23 22 21 20 25 23 20 
Sugar, g  26 25 30 34 64 44 41 45 58 50 45 
Starch, g  338 301 226 126 0 20 18 16 0 0 0 
Sugar + starch, g  364 326 256 160 64 64 59 61 58 50 45 
Digestible cell wall, g   444 470 476 507 613 573 549 528 637 588 562 
Fill (k), (cows)  0.57 0.61 0.55 0.51 0.71 0.45 0.53 0.64 0.80 0.63 0.51 
Chew time, minutes  62 70 67 68 89 82 68 57 98 79 63 
Fill (k), (young)   1.46 1.56 1.35 1.17 1.60 1.15 1.29 1.49 1.77 1.46 1.28 
Raw Protein, g  65 87 120 162 146 167 158 149 146 149 144 
             
             
 

Corn 
Silage 

Catch 
crop 

grass 
Fodder- 

beets Barley 

 
 

Wheat 

 
Barley 
straw 

NH3- 
barley 
straw 

Grass- 
seed 
straw 

A6- 
concen- 

trates 

C-11 
concen- 

trates 

Calf 
concen- 

trates 

Arti- 
ficial 
milk 

             
Weight, kg 3.45 4.04 5.59 1.06 0.97 5.16 2.60 2.95 1.02 0.87 1.00 0.69 
AAT, g 96 80 90 87 89 193 118 124 100 100 102 34 
PBV, g -79 68 -82 -50 -48 -219 -61 -111 45 135 32 125 
Fat acid, g  16 23 3 19 14 21 10 9 51 80 35 100 
Sugar, g 23 36 684 18 26 0 0 113 73 61 70 306 
Starch, g 334 0 0 547 563 0 0 0 154 44 311 0 
Sugar + starch, g 357 36 684 565 589 0 0 113 227 105 381 306 
Digestible cell wall, g  424 580 116 99 67 1,816 1,115 1,056 255 169 124 0 
Fill (k), (cows) 0.46 0.64 0.25 0.20 0.18 3.73 1.50 1.63 0.20 0.17 - - 
Chew time, minutes 39 74 18 4 3 595 292 248 4 3 3 3 
Fill (k), (young stock)  1.25 1.56 1.06 0.94 0.87 6.93 3.20 3.54 0.84 0.82 0.92 0.68 
Raw Protein, g 50 163 39 63 64 32 91 76 162 237 151 150   
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5.4. Production of Roughage 

The potential roughage crops that may be grown on the farm in question are included 
in the above list of feeding stuffs (Table 10). They include four types of green feed 
silage, four types of pasture, corn silage, fodder beets, and three types of straw. 
 
Crop output depends on the amount of applied nitrogen (N) fertilizers. As with the 
production function for milk (see Table 1), we assume diminishing marginal returns. 
In this demonstration model, the production function (crop production as a function of 
N application) is approximated using linear combinations of four discrete points on 
the production function shown in Table 11 (input N) and 12 (output of crop). 
 
Table 11. Possible application levels for nitrogen (N) 
     
 N-application, kg per ha 
     
Wheat greed feed  0 100 150 200 
Barley green feed 0 65 98 130 
Barley/pea green feed 0 30 45 60 
Pea whole green feed 0 0 0 0 
Permanent pasture 0 77 116 154 
Pasture 1 0 160 240 320 
Pasture 2 0 225 338 450 
Corn silage 0 125 188 250 
Catch crop grass (after green feed) 0 70 105 140 
Catch crop grass (after grain) 0 30 45 60 
Fodder beets 0 110 165 220   

 
 
Table 12. Yield for corresponding N-levels in Table 11 
     
 Yield, FE per ha 
     
Wheat green feed 5,700 10,425 11,606 12,000 
Barley green feed 3,700 7,300 8,200 8,500 
Barley/pea green feed 3,000 6,375 7,219 7,500 
Pea whole green feed 5,800 5,800 5,800 5,800 
Permanent pasture 1,500 3,017 3,772 4,023 
Pasture 1, late cut 7,000 9,700 10,375 10,600 
         do.      , middle cut 7,000 9,250 9,813 10,000 
         do.       , early cut 7,000 8,800 9,250 9,400 
Pasture 2, late cut 5,000 10,100 11,375 11,800 
   do.  , medium cut 5,000 9,650 10,813 11,200 
   do.  , early cut 5,000 9,200 10,250 10,600 
Corn silage 3,900 8,475 9,619 10,000 
Catch crop grass (after green feed) 900 1,725 1,931 2,000 
Catch crop grass (after grain) 500 1,025 1,156 1,200 
Fodder beets 5,000 11,000 12,500 13,000   
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The yield of pasture 1 and pasture 2 depends on the timing of cutting the grass for si-
lage. As shown in Table 12, the yield is lower when the grass is cut early. However, 
grass cut early also has a higher quality (as shown in Table 10). Including different 
cutting times for pasture thus facilitates optimization of the cutting time. 
 
The application of phosphorus (P) and potassium (K) is based on norms according to 
expected yield. Use of P and K for the various N-levels in Table 11 is shown in Ta-
bles 13 and 14, respectively. 
 
Table 13. Application of P corresponding to the various N-levels in Table 11 
     
 P application, kg per ha 
     
Wheat green feed 22 40 44 46 
Barley green feed 13 25 28 29 
Barley/pea green feed 11 24 27 28 
Pea whole green feed 19 19 19 19 
Permanent pasture 6 12 15 16 
Pasture 1, late cut 29 41 44 45 
         do.      , middle cut 29 39 41 42 
         do.       , early cut 29 37 39 39 
Pasture 2, late cut 22 43 49 51 
   do.  , medium cut 22 41 46 48 
   do.  , early cut 22 40 44 46 
Corn silage 13 28 32 33 
Catch crop grass (after green feed) 2 4 5 5 
Catch crop grass (after grain) 1 2 3 3 
Fodder beets 16 34 39 40   

 
 
Table 14. Application of K corresponding to the various N-levels in Table 11 
     
 K application, kg per ha 
     
Wheat green feed 86 156 174 180 
Barley green feed 74 146 164 170 
Barley/pea green feed 63 134 152 158 
Pea green feed 145 145 145 145 
Permanent pasture 47 94 117 125 
Pasture 1, late cut 227 314 336 343 
         do.      , middle cut 227 300 318 324 
         do.       , early cut 227 285 300 305 
Pasture 2, late cut 159 320 361 374 
   do.  , medium cut 159 306 343 355 
   do.  , early cut 159 292 325 336 
Corn silage 70 153 173 180 
Catch crop grass (after green feed) 22 41 46 48 
Catch crop grass (after grain) 11 23 25 26 
Fodder beets 119 262 298 309   
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Use of other variable inputs in crop production is shown in Table 15. 
 
Table 15. Use of other inputs in roughage production, units per hectare 
     
 Seed Pesticides Plastic etc. Contractor 
     
Wheat green feed 440 603 412 *) 
Barley green feed 235 230 312 2,515 
Barley/pea green feed 514 216 312 2,400 
Pea green feed 616 436 312 2,525 
Permanent pasture 0 0 0 280 
Pasture 1, late cut 360 0 68 1,576 
         do.       , middle cut 360 0 64 1,576 
         do.       , early cut 360 0 60 1,576 
Pasture 2, late cut 360 0 375 2,758 
    do.  , middle cut 360 0 355 3,454 
    do.  , early cut 360 0 335 4,150 
Corn silage 1,200 484 312 3,248 
Catch crop grass (after green feed) 385 0 0 470 
Catch crop grass (after grain) 385 0 0 470 
Fodder beets 1,198 1,801 118 4,087   

*) Depends on area with crop (see Table 16). 
 

 
 
As in Table 4, the unit of measurement is the cost (in DKK) according to account sta-
tistics from Institute of Food and Resource Economics (FOI). Thus the units of these 
items are to be interpreted as quantity indices, where the basic unit of each individual 
item has the price DKK 1 in year 2006. 
 
Notice that all machinery and labour cost for crop production are paid for as a vari-
able cost (i.e. cost of contractor operations). 
 
To demonstrate how to model economies of scale in roughage production, the as-
sumption is introduced that machinery and labour cost (contractor) for wheat green 
feed crop depends on the area of this crop. The piece-wise relation between crop area 
and contractor cost is shown in Table 16. 
 
Table 16. Contractor use per hectare in wheat green feed production, units per ha 
    
Area of wheat green feed crop, ha 0-10 10-20 More than 20 
    
Contractor, units per hectare 3,890 3,242 2,918   
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5.5. Production of grain and other drops 

Besides roughage as described above, the demonstration farm may produce other 
crops for sale or feed. 
 
Table 17 and 18 show the yield of each of these crops depending on N application. As 
with roughage, we assume decreasing marginal productivity. 
 
Table 17. Possible application levels for nitrogen (N) 
     
 N-application, kg per ha 
     
Spring barley 0 65 98 130 
Spring barley w. grass 0 65 98 130 
Winter wheat 0 100 150 200 
Winter barley 0 90 135 180 
Oats 0 65 98 130 
Rye 0 80 120 160 
Triticale 0 65 98 130 
Spring wheat 0 65 98 130 
Winter rape 0 110 165 220 
Spring rape 0 85 128 170 
Field peas 0  0  0  0 
Potatoes, industry 0 103 154 205 
Potatoes, consume 0 95 154 190 
Sugar beets 0 70 105 140 
Ryegrass 0 50 90 120 
Red Fescue 0 60 90 120 
Smooth meadow grass 0 60 90 120   
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Table 18. Yield for corresponding N-levels in Table 17 
     
 Yield, kg per ha 
     
Spring barley, grain 3,400 5,350 5,838 6,000 
         do.        , straw 2,040 3,210 3,503 3,600 
Spring barley w. grass, grain 3.060 4,815 5,254 5,400 
                do.              , straw 1,836 2,889 3,152 3,240 
Winter wheat, grain 4,000 7,225 8,031 8,300 
          do.      , straw 2,400 4,335 4,819 4,980 
Winter barley, grain 3,500 6,350 7,063 7,300 
          do.      , straw 2,100 3,810 4,238 4,380 
Oats, grain 3,400 5,350 5,838 6,000 
  do. , straw 2,040 3,210 3,503 3,600 
Rye, grain 3,700 6,175 6,794 7,000 
  do. , straw 2,220 3,705 4,076 4,200 
Triticale, grain 3,400 5,725 6,306 6,500 
     do.   , straw 2,380 4,008 4,414 4,550 
Spring wheat, grain 3,000 4,875 5,344 5,500 
     do.           , straw 1,800 2,925 3,206 3,300 
Winter rape 2,000 3,500 3,875 4,000 
Spring rape 1,400 2,375 2,619 2,700 
Field peas 4,650 4,650 4,650 4,650 
Potatoes, industry 21,300 38,550 42,863 44,300 
Potatoes, consume 16,000 29,500 32,875 34,000 
Sugar beets 30,000 47,250 51,563 53,000 
Ryegrass, seed 600 1,050 1,163 1,200 
    do.      , straw 2,340 4,095 4,534 4,680 
Red fescue, seed 600 1,050 1,163 1,200 
     do.          , straw 2,400 4,200 4,650 4,800 
Smooth meadow grass, seed 600 1,050 1,163 1,200 
                 do.               , straw 3,300 5,775 6,394 6,600   

 
 
The application of Phosphorus (P) and Potassium (K) is based on norms according to 
expected yield. Use of P and K for the various N-levels in Table 17 is shown in Table 
19 and Table 20, respectively. 
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Table 19. Application of P corresponding to the various N-levels in Table 17 
     
 P-application, kg per ha 
     
Spring barley 13 20 22 23 
Spring barley w. grass 12 18 20 21 
Winter wheat 12 22 24 25 
Winter barley 12 22 24 25 
Oats 17 27 29 30 
Rye 12 20 22 22 
Triticale 11 18 20 21 
Spring wheat 12 20 21 22 
Winter rape 12 22 24 25 
Spring rape 10 16 18 18 
Field peas 18 18 18 18 
Potatoes, industry 21 39 43 44 
Potatoes, consume 16 30 33 34 
Sugar beets 12 19 21 21 
Ryegrass 9 15 17 17 
Red fescue 9 15 17 17 
Smooth meadow grass 9 15 17 17   

 
 
Table 20. Application of K corresponding to the various N-levels in Table 17 
     
 K-application, kg per ha 
     
Spring barley 34 54 59 61 
Spring barley w. grass 31 49 53 55 
Winter wheat 34 61 68 71 
Winter barley 35 64 71 73 
Oats 51 80 88 90 
Rye 29 48 53 55 
Triticale 34 57 63 65 
Spring wheat 30 49 54 56 
Winter rape 37 64 71 73 
Spring rape 32 54 59 61 
Field peas 47 47 47 47 
Potatoes, industry 170 308 343 354 
Potatoes, consume 128 236 263 272 
Sugar beets 66 104 113 117 
Ryegrass 47 82 90 93 
Red fescue 47 82 90 93 
Smooth meadow grass 47 82 90 93   

 
 
Table 21 shows the use of other inputs. As before, the unit of measurement is the cost 
(in DKK) according to account statistics from Institute of Food and Resource Eco-
nomics (FOI).  
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Table 21. Use of other inputs in grain and cash crop production, units per hectare 
     
 Seed Pesticides Plastic etc. Contractor 
     
Spring barley 353 256 0 3,014 
Spring barley w. grass 282 256 0 2,962 
Winter wheat 374 498 0 3,693 
Winter barley 400 343 0 3,348 
Oats 384 148 0 2,916 
Rye 630 205 0 3,626 
Triticale 408 288 0 3,399 
Spring wheat 731 260 0 3,010 
Winter rape 500 353 219 3,789 
Spring rape 500 212 163 3,277 
Field peas 560 458 0 3,423 
Potatoes, industry 4,750 2,053 3,107 8,901 
Potatoes, consume 4,620 2,451 2,828 13,000 
Sugar beets 1,440 1,645 2,990 4,073 
Ryegrass 315 287 1,172 3,486 
Red fescue 193 350 1,192 3,529 
Smooth meadow grass 216 277 990 3,627   

5.6. Production of straw 

Cost of producing straw includes baling and hauling of 1) grass seed straw, 2) feed 
straw (barley straw) and 3) other straw (straw from grain crops other than barley). 
Production of straw also includes the option of NH3 treatment of barley straw (4) 
(NH3-straw). The contractor cost of baling and hauling is 207 DKK per tonne, and the 
cost of NH3 treatment is 90 DKK per tonne of treated straw. 

5.7. Production of slurry 

It is assumed that one tonne of cattle slurry provides a net contribution of 2.7 kg N, 
1.1 kg P and 6.1 kg K to all crops, except grass, where 1 tonne of slurry only provides 
a net effect of 2.4 kg N, and green feed crops, where 1 tonne only provides 2.1 kg N. 
The cost slurry removal and application (contractor) is DKK 15 per tonne of slurry for 
grass and green feed crops, and DKK 20 per tonne for other crops. 

5.8. Prices 

The prices of input and output (netput) are shown in Table 22. 
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Table 22. Netput prices, DKK 
   
 Buy Sale 
   
Wheat green feed silage (100 FE) 105 90 
Barley green feed silage (100 FE) 105 90 
Barley/pea green feed silage (100 FE) 110 95 
Pea green feed silage (100 FE) 110 95 
Spring barley (100 kg) 100 80 
Winter wheat (100 kg) 100 80 
Winter barley (100 kg) 100 80 
Oats (100 kg) - 80 
Rye (100 kg) - 80 
Triticale (100 kg) - 90 
Spring wheat (100 kg) - 90 
Winter rape (100 kg) - 150 
Spring rape (100 kg) - 150 
Field peas (100 kg) - 95 
Potatoes, industry (100 kg) - 43 
Potatoes, consumption (100 kg) - 85 
Sugar beets (100 kg) - 30 
Ryegrass (100 kg) - 550 
Red fescue (100 kg) - 550 
Smooth meadow grass (100 kg) - 950 
Grass seed straw (tons) 450 300 
Feed (barley) straw (tons) 350 300 
Other straw (tons) - 250 
A6 concentrates (100 kg) 125 - 
C11 concentrates (100 kg) 140 - 
Calf concentrates (100 kg) 165 - 
Artificial milk (100 kg) 1,400 - 
Slaughter cows (unit) - 4.060 
New born calves (unit) 1,140 1,060 
Slaughter heifers (unit) - 4,480 
Heifers in calf (unit) 7,300 7,000 
Slurry (tons) 28 22 
N-fertilizers (100 kg) 500 - 
P-fertilizers (100 kg) 920 - 
K-Fertilizers (100 kg) 325 - 
Labour, max 500 hours (hours) 150 - 
Labour, max 500 hours (hours) 250 - 
Labour (hours) 400 -   

5.9. Restrictions etc. 

The following restrictions apply to the demonstration model. 
 

1) Maximum number of hectares sugar beets: 3 hectare 
2) Maximum number of hectares potatoes: 6 hectare 

 
Grass (2 year crop) is under sown in spring barley and smooth meadow grass is under 
sown in winter wheat.  
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It is possible to hire additional labour. The first 500 hours may be hired at a rate of 
DKK 150 per hour. The next 500 hours are DKK 250 per hour. Labour beyond 1,000 
hours are DKK 400 per hour. 
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6. Results 

The results of optimising production for seven different levels of milk production on 
this model farm are shown in Table 23. 
 
Table 23. Optimal results (numerical cost function) 
        
Total milk production, kg 340,000 380,000 420,000 470,000 500,000 540,000 560,000 
        
Total variable cost, DKK 50,078 91,273 156,447 239,161 300,714 389,074 433,264 
Marginal cost milk,  
DKK per kg 0.73 1.63 1.63 1.81 2.21 2.21 2.21 
Average cost milk,  
DKK per kg 0.15 0.24 0.37 0.51 0.60 0.72 0.77 
Number of cows        
 Cows, feed plan 2, number 45 0 0 0 0 0 0 
 Cows, feed plan 3, number 0 48 53 51 0 0 0 
 Cows, feed plan 4, number 0 0 0 8 61 66 69 
        
Number of young stock        
 Young stock, units 45 48 53 59 61 66 69 
Roughage        
 Wheat green feed, 200 N, ha 0 5 6 7 8 8 9 
 Permanent pasture, 154 N, ha 2 2 2 2 2 2 2 
 Pasture 1 low FK, 240 N, ha 6 9 10 11 14 15 15 
 Pasture 2 low FK, 240 N, ha 6 4 4 5 3 3 3 
 Fodder beets 220 N, ha 0 0 0 0 0 0 0 
        
Grain        
 Barley w. grass, 98 N, ha 3 5 5 6 7 7 8 
 Winter wheat, 150 N, ha 16 0 0 0 0 0 0 
 Winter wheat, 200 N, ha 0 12 11 9 7 7 6 
        
Grass seed        
 Sm. meadow grass, 120 N, ha 16 12 11 9 7 7 6 
        
Other crops        
 Potatoes consum, 190 N, ha 0 0 0 0 0 0 0 
 Sugar beets, 140 N, ha  3 3 3 3 3 3 3 
        
Straw        
 Bale grass seed straw, tonne 107 80 71 61 49 44 40 
 Bale barley straw, tonne 9 14 16 4 0 0 0 
 Produce NH3 straw, tonne 0 0 0 13 22 23 24 
 Bale other straw, tonne 78 60 53 46 37 33 30   

 



 

 
 Agricultural Sector Modelling    FOI    43

 
Table 23. (continued) 
        
 Total milk production, kg 340,000 380,000 420,000 470,000 500,000 540,000 560,000 
        
Feed cows        
 Wheat green feed silage, 100 
FE 0 0 0 0 227 408 530 
 Grass silage 1, low FK, 100 
FE 604 947 1,047 1,155 1,458 1,540 1,562 
 Grass silage 2, low FK, 100 
FE 452 223 246 268 0 0 0 
 Fodder beets, 100 FE  0 0 0 0 4 4 3 
 Barley, 100 FE     0 226 250 259 255 54 0 
 Wheat, 100 FE       989 1,004 1,110 1,301 1,382 1,610 1,660 
 NH3 straw, 100 FE  0 0 0 51 85 90 91 
 Grass seed straw, 100 FE 174 207 229 209 168 149 135 
 C11-concentrates, 100 FE 35 48 53 65 90 108 128 
        
Feed young stocks        
 Wheat green feed silage, 100 
FE 0 638 730 808 761 603 577 
 Permanent grass, 100 FE  80 80 80 80 80 80 80 
 Grass silage 2, low FK, 100 
FE 189 218 251 289 304 340 357 
 Barley, 100 FE 144 0 0 17 93 314 373 
 Wheat, 100 FE        356 27 11 0 0 0 0 
 Grass seed straw, 100 FE 137 6 0 0 0 0 0 
        
Produce slurry        
 Slurry on green feed, tonne 0 0 0 0 0 0 0 
 Slurry on pasture, tonne 1,106 1,269 1,402 1,489 1,527 1,555 1,582   
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Table 23. (continued) 
        
Total milk production, kg 340,000 380,000 420,000 470,000 500,000 540,000 560,000 
        
Purchase of input        
 Wheat, 100 kg       0 0 199 487 719 1,010 1,111 
 C11-concentratets, 100 kg 31 42 46 57 78 94 111 
 Veterinary,  100 units  312 334 369 411 426 460 477 
 Insemination, 100 units 167 179 198 220 228 247 256 
 Energy cattle, 100 units 131 140 155 173 179 194 201 
 Sundries cattle, 100 units 329 351 388 433 449 485 503 
 Seed, 100 units       195 197 199 201 204 205 206 
 N for green feed, 100 kg 0 11 12 13 16 17 18 
 N for pasture, 100 kg 10 8 8 11 9 11 12 
 N for other crops, 100 kg 51 47 43 40 35 33 31 
 P-fertilizer, 100 kg 1 1 0 0 0 0 0 
 K-fertilizer, 100 kg 7 5 1 1 1 2 2 
 Pesticides, 100 units  186 187 182 177 176 171 171 
 Plastic, 100 units      280 252 244 248 237 233 231 
 Contractor, 100 units   2,241 2,115 2,079 2,034 1,957 1,922 1,906 
 Labour1, hours     0 5 230 500 500 500 500 
 Labour2, hours    0 0 0 0 97 316 425 
        
Sale of output        
 Barley straw, tonne   9 14 16 4 0 0 0 
 Grass seed straw, tonne 15 17 3 0 0 0 0 
 New born calves, number     24 25 28 31 33 35 36 
 Slaughter heifers, number 2 2 3 3 3 3 3 
 Slurry, tonne   0 0 0 87 191 300 342 
 Potatoes consumption,  
100 kg 49 0 0 0 0 0 0 
 Sugar beets, 100 kg  1,590 1,590 1,590 1,590 1,590 1,590 1,590 
 Smooth Meadow grass,  
100 kg 195 145 129 112 90 80 72 
 Other straw, tonne 78 60 53 46 37 33 30 
 Slaughter cows, number 19 20 22 25 26 28 29   

 
 
The results in Table 23 show that total cost increases from DKK 50,078 to DKK 
433,264 when production increases from 340,000 kg to 560,000 kg milk. This corre-
sponds to an increase in average cost from DKK 0.15 to DKK 0.77 per kg milk. Mar-
ginal cost increases from DKK 0.73 to DKK 2.21 when production increases from 
340,000 kg to 560,000 kg. 
 
At the low (340,000 kg) production level the production is based on 45 dairy cows all 
being fed according to the low intensity feed plan 2 (5,011 FE per cow (see Table 1)). 
When production increases, the feed intensity increases gradually, and with a produc-
tion of 500,000 kg or more, all cows are being fed according to the high intensity feed 
plan 4 (5,976 FE per cow). 
 
The main results in the form of the numerically estimated marginal cost and the aver-
age cost curves are illustrated in Figure 5. 
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Figure 5. Estimated marginal and average cost functions. DKK per kg milk 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
The maximum potential maximum production is 570,010 kg milk (70 cows each 
yielding the maximum of 8,143 kg milk per year (see Table 5.1)). At around this pro-
duction level the marginal cost rises to infinity (indicated by the dotted vertical line at 
the end of the marginal cost curve in Figure 5). 
 
The results show that with the current (February 2007) milk price of DKK 2.23 per kg 
milk, it just pays to produce the maximum amount of milk (marginal cost at this pro-
duction level is DKK 2.21 per kg). However, should the milk price decrease to, for 
example DKK 2.00, then the farm should reduce production to a level between 
470,000 and 500,000 kg where marginal cost ranges from DKK 1.81 to 2.21 per kg 
milk. 
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The results from running the LP-model also include shadow prices for each restric-
tion. The shadow price of land is DKK 3,854 per hectare of land when milk produc-
tion is 340,000 kg and DKK 4,305 per hectare when it is 560,000 kg milk. 
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7. Discussion and perspectives 

The model in Sections 5 and 6 is a demonstration of the model type that will form the 
basic building blocks when constructing future models of farms and commodity sec-
tors in Danish agriculture. The intention is to develop a number of such farm models 
representing various geographical regions, commodities, and firm sizes. With, for ex-
ample eleven geographical regions, three main commodities, and three farm sizes, the 
total number of these basic farm models will be 11×3×3=99 models. The production 
and netput use of each of these representative farms can be aggregated according to 
the description in Section 4.4, and the total model complex can therefore be used as a 
tool for policy analysis and technology assessment related to Danish agriculture. 
 
The demonstration of the dairy farm model in Section 5 and 6 shows that each farm 
model can also be used to perform individual analysis relevant to the specific farm 
type. Thus, the benefit of the modelling concept is that the use of the models does not 
have to wait for the construction of all 99 farm models. 
 
The benefit is also, that the complexity of the model is determined only by the com-
plexity of the individual farm models. Therefore, for someone (student or researcher) 
to use the model(s) already constructed or to contribute to model construction, one 
“only” has to understand or become familiar with modelling the individual farm. 
 
The intention is that modelling and using the model complex will become an integrate 
part of teaching (production) economics at the department. Thus, students can use the 
demonstration model in Section 5 and 6 as a basis for performing their own analysis, 
for improving the present model (data update etc.) or as basis for building models of 
other farm types. This will be a good way of integrating students into the depart-
ment’s research work. 
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Attachment 

A CD-rom including the model described in Section 5 in the form of an Excel-file 
showing the LP-matrix, and a GAMS programme that will solve the LP-problem 
demonstrated in this paper is available on request. 
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