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a b s t r a c t
Building on the recently established connection between the Hagedorn temperature and integrability [1],
we show how the Quantum Spectral Curve formalism can be used to calculate the Hagedorn temperature
of AdS5 /CFT4 for any value of the ’t Hooft coupling. We solve this ﬁnite system of ﬁnite-difference
equations perturbatively at weak coupling and numerically at ﬁnite coupling. We conﬁrm previous
results at weak coupling and obtain the previously unknown three-loop Hagedorn temperature. Our
ﬁnite-coupling results interpolate between weak and strong coupling and allow us to extract the ﬁrst
perturbative order at strong coupling. Our results indicate that the Hagedorn temperature for large
’t Hooft coupling approaches that of type IIB string theory in ten-dimensional Minkowski space.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

1. Introduction
The AdS5 /CFT4 correspondence [2] provides an exact duality
between two seemingly very different theories. On the one side,
one has a four-dimensional gauge theory in the form of N = 4
super-Yang–Mills (SYM) theory on R × S 3 with ’t Hooft coupling λ.
On the other side, one has type IIB string theory on the tendimensional target-space AdS5 × S 5 . This makes the AdS5 /CFT4 correspondence an important theoretical laboratory for understanding
various interesting problems in physics. One such problem is the
nature of the Hagedorn temperature in string theory. Tree-level
string theory has an exponentially growing density of states at
large energies, which leads to a singularity in the thermodynamic
partition function deﬁning the Hagedorn temperature. Since the
AdS5 /CFT4 correspondence provides a non-perturbative deﬁnition
of string theory, it should enable one to study the Hagedorn temperature and all its related phenomena.
In the AdS5 /CFT4 correspondence, the Hagedorn singularity is
connected to the Hawking–Page transition that occurs at a lower
temperature where the black hole phase becomes thermodynamically favorable over a gas of closed strings. On the gauge-theory
side, this corresponds to the conﬁnement–deconﬁnement transition, where the conﬁned phase occurs due to the conﬁnement of
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the color degrees of freedom on a three-sphere [3–6]. However,
in the limit of zero string coupling, or the strict limit of inﬁnite
colors on the gauge-theory side, this transition requires arbitrarily
high energy to realize, and one is left with the Hagedorn temperature as a maximal possible temperature on both sides of the
correspondence. In this somewhat simpler setting, a starting point
for further exploration of ﬁnite-temperature physics is to establish
a quantitative interpolation of the Hagedorn temperature between
the gauge-theory and string-theory sides.
However, it is only for certain precious cases that one has exact methods available to make a quantitative interpolation from
weak to strong ’t Hooft coupling. One such method is integrability,
see Refs. [7,8] for reviews. Recently, we proposed a framework for
calculating the Hagedorn temperature of AdS5 /CFT4 using integrability [1]. In this Letter, we take this a step further by exploiting
this connection to compute the Hagedorn temperature at ﬁnite
’t Hooft coupling. This enables us to interpolate all the way from
zero ’t Hooft coupling to large ’t Hooft coupling where we ﬁnd the
Hagedorn temperature of type IIB string theory in ﬂat space, in
both cases matching a previous computation of Sundborg [5,9].
The proposal [1] for calculating the Hagedorn temperature of
AdS5 /CFT4 via integrability is as follows. Deﬁne F ( T ) to be the free
energy per unit classical scaling dimension in the limit of large
classical scaling dimension of the spin chain associated with planar
N = 4 SYM theory. Then the Hagedorn temperature T H in units of
the S 3 radius is determined by

F ( T H ) = −1 ,

(1)
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for zero chemical potentials. This can be seen from the fact that
Eq. (1) determines the temperature beyond which the planar partition function of N = 4 SYM theory is singular. The free energy
is computed from so-called Thermodynamic Bethe Ansatz (TBA)
equations [1], which are an inﬁnite system of integral equations.
In Ref. [1], we have solved these equations perturbatively at weak
coupling, reproducing the known tree-level result [5] and one-loop
correction [10] as well as ﬁnding the previously unknown twoloop correction. In principle, one can employ the TBA equations
to compute higher order corrections to T H and to ﬁnd T H numerically at ﬁnite coupling as well. In practice, however, the nature
of these equations massively complicates perturbative calculations
and severely limits the numeric accuracy one can achieve at ﬁnite
coupling.
The TBA equations for the spectral problem of N = 4 SYM theory were recast into the form of the Quantum Spectral Curve (QSC)
[11–13], see Refs. [14,15] for reviews. It consists of a ﬁnite system of ﬁnite-difference equations, which allows for a very eﬃcient
evaluation both perturbatively at weak coupling [16–18] and numerically at ﬁnite coupling [19,20]. The QSC was since used for the
pomeron [21,22], cusped Wilson lines and the quark–antiquark potential [23–25] as well as integrable deformations of N = 4 SYM
theory [26–28].
In this Letter, we recast our TBA equations for the Hagedorn
temperature T H of AdS5 /CFT4 into the form of the QSC. Moreover,
we solve these equations perturbatively at weak coupling and numerically at ﬁnite coupling.

totic behavior of the functions at large spectral parameter u, by the
location of the branch cuts and by the discontinuities across these
branch cuts.

2. QSC equations for the Hagedorn temperature

with A 1 A 4 = A 2 A 3 =

QSC equations The TBA equations are an inﬁnite system of integral
equations given in terms of Y-functions. They can be recast into the
form of the so-called Y-system and T-system, which are inﬁnite
systems of ﬁnite-difference equations, and subsequently into the
form of the so-called Q-system, which is a ﬁnite system of ﬁnitedifference equations also known as the Quantum Spectral Curve
(QSC). Since we are setting all chemical potentials to zero, we are
in a situation with so-called left-right symmetry, which is a symmetry between the two su(2|2) subalgebras of the superconformal
symmetry algebra psu(2, 2|4). The QSC is then formulated in terms
of the functions Pa (u ), Qi (u ) and Q a|i (u ), where a, i = 1, 2, 3, 4
and u is the spectral parameter. They satisfy the ﬁnite-difference
equations

Q a+|i − Q a−|i = Pa Qi ,

(2)

Pa = −Q Q a+|i ,
i

where f ± (u )

(3)

= f (u ±

i
).
2

The functions Q a|i are orthonormal in

the sense that

Q a |i Q

b |i

=

δab

,

Q a |i Q

a| j

=

j
δi

(4)

.

Here the functions with upper indices are deﬁned as

Pa = χ ab Pb , Qi = χ i j Q j , Q a|i = χ ab χ i j Q b| j ,

(5)

where the non-zero entries of χ are χ = χ = −1, χ =
χ 41 = 1. The Eqs. (2)–(4) reﬂect the psu(2, 2|4) symmetry of
N = 4 SYM theory, where Pa (u ) (Qi (u )) is associated to the conformal symmetry su(2, 2) (R-symmetry su(4)). They are universal
in the sense that they do not depend on the speciﬁc physical observable that one is computing but are common to all cases so far
investigated. In order to specify a particular physical observable,
these universal equations have to be supplemented by the asymp14
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Asymptotic behavior We can infer the asymptotic behavior of
Pa (u ) and Qi (u ) at large spectral parameter u from the asymptotic behavior of the Y-functions found in Ref. [1]. At large u,
the Y-functions asymptote to constants determined from a oneparameter family of constant T-systems with parameter z, see
Eqs. (26)–(27) in Ref. [1]. Using the TBA equations, we show in
Ref. [29] that F ( T ) = −4T arctanh z. Since the Hagedorn temperature T H satisﬁes Eq. (1), this ﬁxes z = tanh 4T1 . The asymptotic
H

Y-functions are reproduced via1

P1 (u ) = A 1 − e



− 2T1

−iu 

P2 (u ) = A 2 − e



− 2T1

−iu 

P3 (u ) = A 3 − e



− 2T1

+iu 

P4 (u ) = A 4 − e



− 2T1

+iu 

H

H

H

H



1 + O ( u −1 ) ,



u + O (u 0 ) ,



u + O (u 0 )

and









(6)



1 + O ( u −1 ) ,





Q 1 ( u ) = B 1 1 + O ( u −1 ) ,

Q2 ( u ) = B 2 u + O ( u 0 ) ,





(7)

Q3 ( u ) = B 3 u 2 + O ( u 1 ) , Q4 ( u ) = B 4 u 3 + O ( u 2 ) ,
i
tanh2

1
4T H

and 3B 1 B 4 = B 2 B 3 = −8i cosh4

1
.
4T H

The asymptotic behavior of Q a|i (u ) then follows from Eq. (2).
Branch cut structure and ansatz We consider the so-called direct
theory rather than the mirror theory; hence, we use the Zhukowski
variable

⎛

x(u ) =

u
2g

⎝1 +

⎞



1−

4g 2
u2

⎠,

(8)

which has a ‘short’ branch cut at the interval (−2g , 2g ), where
g 2 = 16λπ 2 is the effective planar loop coupling. We work in a Riemann sheet in which the four functions Qi (u ) have one short cut
at the interval (−2g , 2g ), while Pa (u ) and its analytic continuation P̃a (u ) have an inﬁnite set of short cuts at (−2g , 2g ) − in and
(−2g , 2g ) + in with n ∈ N≥0 , respectively. Since Qi (u ) has only a
single short cut, we can make the ansatz

Qi (u ) = B i ( gx(u ))i −1 1 +

∞
n =1

c i ,n ( g )
( gx(u ))2n

.

(9)

For convenience, we choose the gauge c 3,1 = 0 and B 1 = B 2 = 1.
The previous applications of the QSC formalism have all been
in the mirror theory rather than in the direct theory that we consider here. In the mirror theory, it is the four functions Pa (u ) for
which one can choose a Riemann sheet where they have only one
short cut at the real axis. This means one makes an ansatz for
the functions Pa (u ) instead of the functions Qi (u ) as we do in our
case.
1
Interestingly, the asymptotics (6)–(7) are similar to the ones of the spectral
problem of twisted N = 4 SYM theory [26]. Concretely, excluding the prefactors

−

1

they are formally the same if we set the twists 1/x1 = 1/x2 = x3 = x4 = − e 2T H ,
y1 = y2 = y3 = y4 = 1 and insert the Cartan charges  = S 1 = S 2 = J 1 = J 2 =
J 3 = 0. This is related to how the constant T-system [1] is obtained from the general psu(2, 2|4) character solution [43].

T. Harmark, M. Wilhelm / Physics Letters B 786 (2018) 53–58

Gluing conditions To close the system of QSC equations, one needs
to impose so-called gluing conditions [14]. They relate the analytic
continuation P̃a (u ) through the short cut at the real axis to a linear combination of the complex conjugates of the Pb (u ) functions.
In our case, using the gauge choice A 1 = i A 2 = − A 3 = −i A 4 =
(tanh 4T1 )−1 for the asymptotics (6), the gluing conditions are
H

P̃a (u ) = (−1)1+a Pa (u ) .

(10)

Together with the QSC equations (2)–(4), the ansatz (9) for the
functions Qi (u ) and the large-u asymptotics (6)–(7), the gluing
conditions (10) determine the Hagedorn temperature T H for any
given value of g – which is one of the main results of this Letter.
Another main result is that we will explicitly solve these equations
perturbatively at weak coupling and numerically at ﬁnite coupling,
as explained below.
3. Perturbative solution
To solve the QSC equations perturbatively at weak coupling, we
start with the tree-level solution for g = 0. It can be obtained from
Eqs. (6)–(7) by setting T H to the tree-level Hagedorn temperature
√
(0)
T H = 1/(2 log(2 + 3)) [5], which determines the leading coeﬃcients. The only non-vanishing subleading coeﬃcient at tree level
is c 4,1 (0) = −1. Using the Eqs. (2)–(4), one ﬁnds the corresponding
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in terms of which the result for the Hagedorn temperature is naturally expressed. Note that the multiple polylogarithms have branch
cuts on the real axis; for instance, classical polylogarithms have
branch cuts between 1 and ∞. The ambiguity in evaluating these
polylogarithms on the branch cut can be resolved by an i prescription.
The next step is to impose conditions to determine the unﬁxed parameters. To begin with, we impose Eq. (4) which ﬁxes
half of the coeﬃcients from the homogeneous solution in Q a|i (u ).
By Eq. (3), we now ﬁnd Pa (u ). The gluing conditions
 (10) enter
by imposing that Pa (u ) + P̃a (u ) and (Pa (u ) − P̃a (u ))/ u 2 − 4g 2 are
regular at u = 0. Finally, we have to impose the asymptotic behavior (6), which we implement by requiring that

P2 (u )
P1 (u )

= −iu + O(u 0 ) .

Up to a gauge choice, this ﬁxes all parameters of the ansatz (9) at
-loop order, including the Hagedorn temperature T H .2
We ﬁnd, up to three-loop order,

T H(g) =

1
2 log(2 +

√

Q a|i = Q a|i + (ba c )+ Q c |i .
( 0)

( 0)

(11)

86

(ba c )++ − ba c = dS a|i ( Q (0)c|i )− + (ba b )++ dS b|i ( Q (0)c|i )− ,

(12)

where dS a|i is deﬁned as

dS a|i ≡

( 0)
Q a |i +

−

( 0)
Q a |i −

(13)

Here, we use the ansatz (9) for Qi (u ), in which the sum truncates
for any given loop order . Assume one has already determined
the coeﬃcients of Qi (u ) in Eq. (9) at ( − 1)-loop order. Solving
Eq. (12), we ﬁnd ba c (u ) and hence Q a|i (u ) at -loop order in terms
of the as yet undetermined parameters in the ansatz (9) as well as
additional undetermined constant parameters from the homogeneous solution to Eq. (12). Because of the phases in Eq. (6), we
encounter ﬁnite-difference equations of the type

zi f

++

(u ) − f (u ) = h(u ) , zi ∈ {1, (2 +

√

±2

3)

}.

The solution can be written in terms of the generalized
[23,26]
n

n1 >n2 >···>nk ≥0

(14)

η functions

n

z11 . . . zk k

,..., zk
ηsz11,...,
sk (u ) ≡

432Li1

+

(u + in1 )s1 . . . (u + ink )sk

.

(15)

√

Since in some cases zi = (2 + 3)2 , we have to use analytic continuation as a regularization. Note that this is a worse divergence
than in the twisted QSC [26] since in that case zi is on the unit
circle. Evaluated at u = i, the generalized η functions are proportional to multiple polylogarithms
n

n

s

s

z11 . . . zk k

Lis1 ,...,sk ( z1 , . . . , zk ) ≡
n1 >n2 >···>nk >0

n11 . . . nkk

,

(16)

3)

(2 + 3 )2

3)



3)2


+

312Li3

1
√



(2 + 3 )2

log(2 +

√

3)
√   1 
√
+ 384 3 − 864 + 416 log(2 + 3) Li1
(2 + 3 )2


√
√
20
1900
− 384 3 log(2 + 3) + O( g 8 )
−√ +

√

3)



√

2

1
√

√

√

1
√
(2 + 3 )2

log(2 +

1
√

(2 +

log(2 +

3

3

( 0)
+ Qi Q Q a | j + .
j





log(2 +

48Li1

3

+ g 6 624Li2

1



+ g 4 48 − √ −



Then ba c (u ) satisﬁes the ﬁrst order ﬁnite-difference equation

+ g2

3)

(0)
functions Q a|i (u ) at tree level, which we denote below as Q a|i (u ).

Knowing the tree-level solution, we can now solve the QSC
equations (2)–(4) perturbatively following a slightly modiﬁed version of the approach in Ref. [22]. Write the solution of Eq. (2) as

(17)

≈ (0.3796628588 . . . ) + (0.7593257175 . . . ) g 2
+ (−4.367638556 . . . ) g 4 + (37.22529358 . . . ) g 6
+ O( g 8 ) .

(18)

This agrees with the previously known results at tree level [5],
one-loop order [10] and two-loop order [1]. In an upcoming publication [29], we will also present the result at four-loop order and
beyond.
4. Numerical solution
The QSC can also be solved numerically at ﬁnite values of g.
Concretely, it can be reduced to a minimization problem that can
be solved iteratively. We use a modiﬁed version of the approach in
Ref. [19], see also Refs. [14,30].
Each iteration starts at some values for the Hagedorn temperature T H and the coeﬃcients c 1,n , c 2,n for n = 1, . . . , K , c 3,n for
n = 2, . . . , K and c 4,n for n = 3, . . . , K in the ansatz (9), which
is truncated at some ﬁnite K . We make an ansatz for Q a|i (u ) at
large u:

Q a |i (u ) =



−e

1

− 2T

H

−sa iu

N

u p a |i
n =0

B a|i ,n
un

,

(19)

2
In contrast, the -loop anomalous dimension in the spectral problem is only
ﬁxed at the ( + 1)th order.
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Fig. 1. Numeric results and weak coupling approximation at various loop orders for
the Hagedorn temperature as a function of g 2 .

which is truncated at some ﬁnite order depending on N. Here, we
have used sa = 1 and pa|i = a + i − 2 for a = 1, 2 as well as sa = −1
and pa|i = a + i − 4 for a = 3, 4. We solve for the remaining coeﬃcients B a|i ,n by imposing Eqs. (4) and (2) where Pa (u ) is eliminated
using Eq. (3). In particular, this also ﬁxes c 4,1 and c 4,2 .
Starting at some ﬁnite but large imaginary value of u, we can
shift Q a|i towards the real axis in steps of i using

Q a−|i = Q a+|i + Qi Q j Q a+| j ,

(20)

which follows from Eqs. (2)–(3). We can now reconstruct Pa and
its analytic continuation

P̃a = −Q̃i Q a+|i

(21)

on the real axis, where Q̃i is obtained from the ansatz (9) via x̃ =
1/x. Note that this is however only possible for a = 1, 2, as in this
case Q a+|i is exponentially small for large imaginary u, while it is
exponentially large for a = 3, 4.
Now we can deﬁne a function F that vanishes for an exact solution of the gluing conditions (10):
2

F ( T H , {c i ,n }) =
a =1


2
 P (p )

 a i
a
+ (−1)  ,

 P̃a ( p i )

j =1
P

(22)

where p i are P points in the interval (−2g , 2g ). We can ﬁnd
an approximate solution for T H and the coeﬃcients c i ,n by minimizing F iteratively, using for instance Newton’s method or the
Levenberg–Marquardt algorithm.
We have plotted our numeric results for the Hagedorn temperature T H as a function of g 2 for 0 ≤ g 2 ≤ 0.1 in Fig. 1. In
addition, Fig. 1 contains the perturbative approximation to the
non-perturbative results up to three-loop order. As expected, the
perturbative series converges towards the exact results for suﬃciently small values of g 2 .
√
Fig. 2 shows our numeric data for T H as a function of g for
√
0 ≤ g ≤ 1.8. In particular, we see that T H tends towards a lin√
g at strong coupling. Using a sixth-order ﬁt in
ear function in
√
1/ g, we ﬁnd the following approximate result for the leading
coeﬃcient:

√

T H ( g ) = (0.399 . . . )

g + O( g 0 ) ,

(23)

Fig. 2. Numeric results and leading strong coupling approximation for the Hagedorn
√
temperature as a function of g.

where the uncertainty is in the last digit.3 At the given accuracy,
this agrees with the expectation that the Hagedorn temperature
measured in units of the S 3 radius R approaches the behavior



T H(g)

g
2π

√
≈ (0.3989422804 . . . ) g

(24)

for large ’t Hooft coupling. This corresponds to the Hagedorn temperature of tree-level type IIB string theory on ten-dimensional
Minkowski space [9]. One can see this explicitly by reinstating 1/ R
using the AdS5 /CFT4 dictionary. In terms of this, the S 3 radius R
corresponds on the string-theory side to the radius R = λ1/4l s of
AdS5 and S 5 , where l s is the string length. Hence, Eq. (24) becomes

T H(g)

√

1
8π l s

.

(25)

The reason that one expects this to be the Hagedorn temperature
for large ’t Hooft coupling is as follows. Consider a string with
energy l s E in string units. If this energy is suﬃciently high, also
compared to the angular momenta on AdS5 × S 5 , a particle mode
of the string is probing√distances shorter than the radius R of AdS5
and S 5 . Moreover, if l s E
R /l s , the extension of the string is
much smaller than the radius R. Thus, there is an intermediate
regime in which the spectrum of a string behaves as in ﬂat space.
As λ → ∞, this means that the Hagedorn temperature approaches
that of ﬂat space.
5. Conclusion and outlook
In this Letter, we have derived integrability-based QSC equations that determine the Hagedorn temperature of planar N = 4
SYM theory – and equally of type IIB string theory on AdS5 × S 5 –
at any value of the ’t Hooft coupling. We have solved these equations perturbatively at weak coupling, reproducing known results
up to two-loop order and obtaining the previously unknown threeloop result (18). The same algorithm can also be used at higher
orders, as we will demonstrate in an upcoming publication [29].
Moreover, we have solved the QSC numerically at ﬁnite coupling,

3

In a certain exactly solvable pp-wave limit of string theory, the leading contri-

bution to the Hagedorn temperature is of order λ1/3 with corrections in 1/λ1/3 [35].
In the present case, the leading contribution is of order λ1/4 and we thus expect the
corrections to be in 1/λ1/4 .
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allowing for an interpolation between weak and strong coupling.
From our numeric results, we have read off the ﬁrst coeﬃcient in
the strong coupling expansion. It would be interesting to increase
the numeric precision even further using a C++ implementation
following Ref. [20] to obtain further coeﬃcients in the strong coupling expansion.
We have found evidence that the Hagedorn temperature, which
marks the temperature beyond which the planar partition function
is singular, asymptotes to the Hagedorn temperature of type IIB
string theory in ten-dimensional Minkowski space for large g. This
is in line with the expectation that for large g the spectrum should
approach that of type IIB string theory on ﬂat space, as explained
above. To test further that the spectrum approaches ﬂat space, one
could possibly use the techniques of this Letter to study the critical
behavior of the partition function close to the Hagedorn singularity for large g. If the critical behavior matches the one of ﬂat-space
string theory, it would conﬁrm that there is a regime of strongly
coupled N = 4 SYM theory in which the spectrum is that of treelevel type IIB string theory in ten-dimensional Minkowski space.
Thus, this Letter opens up an interesting new regime in which one
can explore the AdS5 /CFT4 correspondence.
Note ﬁnally that while we have restricted ourselves to vanishing
chemical potentials, the case of non-vanishing chemical potentials
can be treated in a similar way [29]. This could provide a connection to the cases of the Hagedorn temperature in the pp-wave or
spin-matrix-theory limits [31–40]. Moreover, it would be interesting to consider the Hagedorn temperature for integrable deformations of N = 4 SYM theory (see [41] for one-loop results) and for
the three-dimensional N = 6 superconformal Chern–Simons theory, for which a QSC formulation for the spectral problem exists as
well [42]. In particular, it would be intriguing to study what happens at strong coupling in these cases.
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