
Dq dv|pphwulf prgho ri vsdwldo frpshwlwlrq1�

Kroodug Jxloodxph

Vhswhpehu 4<<;1

Devwudfw

Wklv sdshu h{soruhv d jhqhudol}hg vsdwldo yrwlqj prgho lq zklfk

sduwlhv duh qrw vxssrvhg wr eh lghqwlfdo ehiruh wkh jdph1 Wklv qhz

dssurdfk wr wkh srolwlfdo pdunhw ohdgv wr vxevwdqwldo fkdqjhv lq sdu0

wlhv*vv vwudwhjlhv1 Rxu prgho surylghv qhz h{sodqdwlrqv ri zk| sduwlhv

pd| fkrrvh qrq phgldq srolflhv/ l1h1 rwkhu wkdq wkdw suhihuuhg e| wkh

phgldq yrwhu1 Lw dovr surylghv h{sodqdwlrqv rq zk| hohfwlrqv pd| qrw

ohdg wr forvh udfhv1

� Nh|zrugv= Vsdwldo Yrwlqj/ Uhwurvshfwlyh Yrwlqj1

� M1H1O1 Fodvvl�fdwlrq= G:5/ G:4

�Wkh dxwkru zrxog olnh wr wkdqn S1 Gh Grqghu/ P1 Oh Euhwrq/ D1 Nlupdq/ V1 Pduwlq/

K1 Prxolq dqg M1 Urhphu iru yhu| khosixo frpphqwv1 Xvxdo glvfodlphu dssolhv1

4



4 Lqwurgxfwlrq1

Dffruglqj wr Grzqv +4<8:,/ srolwlfdo sduwlhv duh pdlqo| lqwhuhvwhg lq zlqqlqj
shu vh dqg gl�hu lq wkhlu hohfwrudo sodwirupv1 Wkh sduwlvdq srolwlfv dssurdfk
+Zlwwpdq 4<::/ 4<<3, dffhsw wkh lghd wkdw sduwlhv pd| kdyh rwkhu jrdov
exw vwloo dvvxph wkdw yrwhuv ghflgh zkr wr yrwh iru dffruglqj wr wkh sduwlhv
sodwirupv1 Krzhyhu/ wkh uhwurvshfwlyh yrwlqj dssurdfk4 hpskdvl}hv wkh uroh
sod|hg e| rwkhu yduldeohv/ vxfk dv wkh dfwlrq khog zkloh rq srzhu/ lq wkh
ghwhuplqdwlrq ri wkh yrwhuv fkrlfh1 Wklv sdshu lv dq dwwhpsw wr dvvrfldwh
wkh uhwurvshfwlyh dssurdfk dqg wkh zrun rq sduw|*v vwudwhjlf ehkdylru11 Rxu
prgho wkxv fdswxuhv wkh idfw wkdw idfwruv rxwvlgh wkh sduwlhv frqwuro pd|
d�hfw wkh qxpehu ri yrwh uhfhlyhg e| sduwlhv ru fdqglgdwhv= rqh fdqglgdwh
frxog eh pruh fkdulvpdwlf wkdq wkh rwkhu/ wkh lqfxpehqw pd| eh ylhzhg dv
pruh h!flhqw wkdq klv2khu fkdoohqjhu zkloh lq srzhu/ hwf1 Doo wklv lqirupdwlrq
lv vxssrvhg wr eh vxppdul}hg lq d vlqjoh sdudphwhu/ uhsuhvhqwlqj wkh txdolw|
ri d sduw|1 Rxu prgho lv dv|pphwulf lq wkh vhqvh wkdw zh vwxg| frpshwlwlrq
ehwzhhq wzr sduwlhv wkdw pd| kdyh d gl�huhqw txdolw| sdudphwhu1

Wkh sdshu lv rujdql}hg dv iroorzv = lq wkh qh{w vhfwlrq zh eulh | uhfdoo
h{lvwlqj uhvxowv dqg vkrz krz rxu dssurdfk lv vlwxdwhg lq wkh vwuhdp ri
uhvhdufk rq vsdwldo prghov ri yrwlqj1 Vhfwlrq 6 suhvhqwv wkh prgho dqg pdlq
dvvxpswlrqv dqg vhfwlrq 7 suhvhqwv wkh pdlq uhvxowv1

5 Frqyhujhqfh lq vsdwldo prghov1

Vrph prghov dlp wr h{sodlq zk| sduwlhv pd| fkrrvh qrq phgldq sodwirupv
+vhh Urhphu 4<<7 iru d vxuyh|,1 Dohvlqd dqg Urvhqwkdo +4<<8, vkrz wkdw
wzr pdlq fulwhuld duh qhhghg lq rughu wr surgxfh glyhujhqfh dw htxloleulxp1
Wkh �uvw fulwhulrq lv sduwlvdq srolwlfv dv sursrvhg e| Zlwwpdq +4<::/ 4<;6,=
sduwlhv duh qrw lqwhuhvwhg lq zlqqlqj shu vh/ wkh| ghihqg d sduwlvdq ylhz
ri wkh zruog1 Wkh vhfrqg fulwhulrq lv wkh h{lvwhqfh ri xqfhuwdlqw| lq wkh
ehkdylru ri wkh hohfwrudwh= sduwlhv gr qrw nqrz zlwk fhuwdlqw| zkhuh wkh
phgldq srolf| lv orfdwhg1 E| lqwurgxflqj dq h{wud sdudphwhu wkdw sduwlhv
gr qrw frqwuro/ zh rewdlq glyhujhqfh dw htxloleulxp zlwkrxw lqwurgxflqj dq|
xqfhuwdlqw|1 Ixuwkhupruh/ wdnlqj wklv dgglwlrqdo sdudphwhu lqwr dffrxqw +rqh
pd| frqvlghu wklv sdudphwhu dv dq lqglfdwru ri wkh txdolw| ri wkh sduw|, lv
pruh uhdolvwlf vlqfh sduwlhv duh qrw dozd|v hqjdjhg lq forvh udfhv1

4Pdlq uhihuhqfhv duh olvwhg lq Pxhoohu +4<<8,1
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6 Wkh prgho1

Wkh sduwlhv1 Rxu �uvw dvvxpswlrq frqfhuqv wkh jrdo ri sduwlhv1 D xvxdo
zd| wr prgho sduwlvdq srolwlfv +Urhphu 4<<7, lv wr vxssrvh wkdw sduwlhv vhhn
wr plqlpl}h wkh glvwdqfh ehwzhhq wkhlu suhihuuhg sodwirup dqg wkh zlqqlqj
rqh1 Zh xvh khuh d voljkwo| gl�huhqw yhuvlrq fdoohg �oljkw sduwlvdqvkls�=
sduwlhv duh vxssrvhg wr eh pdlqo| lqwhuhvwhg lq zlqqlqj wkh hohfwlrq/ dv lq
Grzqv prgho/ exw rqfh wkh| duh dvvxuhg ri zlqqlqj wkh hohfwlrq/ wkh| wu|
wr surprwh d surjudp dv forvh dv srvvleoh wr wkhlu suhihuuhg srolf|1 Wklv
wzr0vwhs gh�qlwlrq uxohv rxw xqvdwlvidfwru| htxloleuld lq zklfk d sduw| pd|
fkrrvh wr orvh wkh hohfwlrq lq rughu wr surprwh d srolf| forvhu wr lwv lghdo
srlqw51 Dq h{dpsoh ri vxfk dq htxloleuld lv suhvhqwhg lq dsshqgl{1

Irupdoo|/ d sduw|/ ru fdqglgdwh �/ lv uhsuhvhqwhg e| d wulsoh Ew�c R�c %�� 5
U-�f �f� w� uhsuhvhqwv wkh h{rjhqrxv sdudphwhu/ vd| wkh txdolw| ri fdq0
glgdwh �/ R� lwv suhihuuhg srolf| dqg %� ghqrwhv wkh sodwirup lw dqqrxqfhv1
Wkh vhw ri dydlodeoh sodwirupv/ fc lv vxssrvhg wr eh d frpsdfw vxevhw ri U-?�
Wkh sursruwlrq ri yrwhuv zkr suhihu sduw| � wr lwv rssrqhqw lv jlyhq e| wkh
ixqfwlrq 7�E%�c w�c %2c w2�� Wkxv/ wkh oljkw sduwlvdqvkls dvvxpswlrq lv irupdoo|
jlyhq e|=

� Dvvxpswlrq 4=

��E%�c %2� '

;?
=

7�E%�c w�c %2c w2� li 7�E%�c w�c %2c w2� � �*2

�n%� � R�nn � li 7�E%�c w�c %2c w2� : �*2

� lv d frqvwdqw fkrvhq lq rughu wr kdyh sduwlhv suhihuulqj wr zlq wkh
hohfwlrq udwkhu wkdq orvlqj lw1 Wkdw lv wr vd|/ � lv fkrvhq vr wkdw�n%� � R�nn
� � �*2 iru hyhu| %� 5 f� Qrwh wkdw zh kdyh qr jxdudqw| wkdw �� lv d
frqwlqxrxv ixqfwlrq1

Wkh hohfwrudwh1 D yrwhu � kdv d xwlolw| ixqfwlrq ri wkh irup �Ew�c n%� � @�n�
zkhuh @� 5 f ghvljqdwhv klv eolvv srlqw� Yrwhuv* eolvv srlqwv duh glvwulexwhg
dffruglqj wr vrph suredelolw| glvwulexwlrq s G f $ dfc �o frqwlqxrxv zlwk

5Lq wkh xqlglphqvlrqdo vhwwlqj/ wkrvh htxloleuld duh xvxdoo| uxohg rxw ehfdxvh ri wkh

dvvxpswlrq pdgh rq sm = Wkh| duh vxssrvhg wr eh rq hdfk vlgh ri wkh phgldq1 Dv zh

lqwhqg wr dgguhvv wkh pruh jhqhudo pxowlglphqvlrqdo fdvh/ wkhuh duh qr vwudljkwiruzdug

dvvxpswlrqv rq wkh sm wkdw holplqdwh vxfk htxloleuld1
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uhvshfw wr Ohehvjxh phdvxuh +wkxv/
U
f
_s ' �,1 Rwkhu wklqjv ehlqj htxdo/ d

yrwhu suhihuv d sduw| wkdw dqqrxqfhv d sodwirup forvhu wr klv eolvv srlqw dqg
d kljkhu txdolw| sduw|1 Dw wklv vwdjh/ zh kdyh wr pdnh h{solflw wkh qdwxuh
ri wkh yrwhuv wudgh0r� ehwzhhq txdolw| dqg sodwirupv1 Iroorzlqj Pxvvd dqg
Urvhq +4<:;, dqg pruh jhqhudoo| wkh zrun rq txdolw| lq lqgxvwuldo hfrqrplfv/
zh fkrrvh d pxowlsolfdwlyho| vhsdudeoh irup =

� Dvvxpswlrq 5= �Ew�c n%� � @�n� ' w� n%� � @�n c w 	 f�

Dv xvxdo lq vsdwldo prghov ri yrwlqj/ yrwhuv gl�huv rqo| lq whupv ri wkhlu
eolvv srlqwv @�� Doo ri wkhp duelwudwh ehwzhhq txdolw| dqg sodwirupv lq wkh
vdph zd|1 Wkxv/ d yrwhu zloo eh lghqwli| rqo| e| lwv eolvv srlqw1

Zh gh�qh wkh vxssruw wkh sduwlhv dv wkh vhwv =

l� ' i@� 5 f mw� n%� � @�n � w2 n%2 � @�nj
dqg l2 ' i@� 5 f mw2 n%2 � @�n � w� n%� � @�nj

Wkxv/ 7�E%�c w�c %2c w2� '
U
l�

_s�

Wkh jdph ri dv|pphwulf frpshwlwlrq1 Zh gh�qh & ' w2
w�

dqg dvvxph/
zlwkrxw orvv ri jhqhudolw|/ wkdw w2 	 w� 	 f� Wkhq sduw| � jhwv d fohdu
dgydqwdjh1 Wkh jdph ri dv|pphwulf hohfwrudo frpshwlwlrq lv qrz gh�qhg
dqg lwv pdlq hohphqwv duh vxppdul}hg e| wkh wulsoh ET

�
c!c u�1

7 Pdlq uhvxowv1

Ehiruh vwdwlqj rxu pdlq wkhruhp/ zh suryh d vhulhv ri ohppdv lq rughu wr
h{soruh wkh surshuwlhv ri wkh vhwv l�� Wkh edvlf lghd lv wkdw lq rughu wr
frpsxwh wkh vfruh ri d sduw|/ zh qhhg wr h{soruh wkh surshuwlhv ri wkh vhwv
l�� Wkh uhdghu zloo jhw pxfk ri wkh lqwxlwlrq ri wkhvh uhvxowv e| uhihuulqj wr
Iljxuh U1

Ohppd 4 Wkh vhw l2E%�c w�c %2c w2� lv d k|shuedoo fhqwhuhg dw SE%�c w�c %2c w2� '
�

�3&2
%� �

&2

�3&2
%2 ri udglxv oE%�c w�c %2c w2� '

&

��3&2�
n%� � %2n �

� Surri1
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Frqvlghu wkh vhw UE%�c w�c %2c w2� ' i@� 5 f*w� n%� � @�n ' w2 n%2 � @�nj
uhsuhvhqwlqj wkh erxqgdu| ri wkh vhwv l� l1h1 wkh vhw ri yrwhuv lqgl�huhqw
ehwzhhq wkh wzr sduwlhv1

Wklv ohdgv wr wkh iroorzlqj htxdwlrqv =

w� n%� � @n ' w2 n%2 � @n

/ n%� � @n2 ' &2 n%2 � @n2

Uhfdoolqj wkh surshuw| ri wkh hxfolghdq lqqhu surgxfw/
k%� � @c %� � @l ' n%�n

2 � 2 k%�c @ln n@n2/ zh rewdlq=

n%�n
2 � 2 k%�c @ln n@n2 ' &2En%2n

2 � 2 k%2c @ln n@n2��
�� &2

�
n@n2 � 2


@c %� � &2%2

�
' &2 n%2n

2 � n%�n
2

n@n2 � 2

�
@c

%� � &2%2
�� &2

 
'

&2 n%2n
2 � n%�n

2

�� &2����@� E
%� � &2%2
�� &2

�

����
2

'
&2 n%2n

2 � n%�n
2

�� &2
n

����E%� � &2%2
�� &2

�

����
2

c

Wkxv/ UE%�c w�c %2c w2� lv wkh erxqgdu| ri d k|shuedoo ri fhqwhu SE%�c w�c %2c w2� '
�

�3&2
%� n

3&2

�3&2
%2 dqg udglxv o2 ' &28%28

238%�8
2

�3&2
n
���E%�3&2%2

�3&2
�
���2 � Lw lv hdv| wr

fkhfn wkdw l2E%�c w�c %2c w2� frqvlvw ri wkh zkroh k|shuedoo1
Diwhu vlpsol�fdwlrq6=

S ' q%� n E�� q�%2 zkhuh q ' �

�3&2
	 f

o ' &

&23�
n%� � %2n 


Yrwhuv vxssruwlqj wkh idyruhg sduw| kdyh wkhlu eolvv srlqw lqfoxghg lq d
k|shuedoo71 Rxu qh{w ohppd vkrzv krz wkh k|shuedoo l2E%�c w�c %2c w2� fdq
eh frqvwuxfwhg1

Ohppd 5 Vxssrvh wkdw %2 lv rq d olqh { frqwdlqlqj %�� Wkh vhwv

l2E%�c w�c %2c w2� duh wkhq k|shuedoov wdqjhqw wr wkh frqh ri yhuwh{ %� dqg

dqjoh 2k vxfk wkdw t�?k ' &

��3&2�
�

6Wkh ghwdlov ri wkh fdofxodwlrqv duh jlyhq lq wkh Dsshqgl{1
7Yrwhuv kdylqj wkhlu eolvv srlqw h{dfwo| rq wkh iurqwlhu ri wkh k|shuedoo 5 duh ri

qhjoljleoh lpsruwdqfh vlqfh wkh phdvxuh ri wkh vhw L lv }hur1
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� Surri1

Ohw %2 dqg %
�

2 eh hohphqwv ri f vxfk wkdw %� %2 dqg %
�

2 ehorqj wr d olqh
{ +dv ghslfwhg lq Iljxuh U,1 Zh gh�qh k dqg k� wr eh wkh dqjohv iruphg e|
{ dqg wkh wdqjhqwv A dqg A � wr wkh k|shuedoov l2 ' l2E%�c w�c %2c w2� dqg
l�

2 ' l2E%�c w�c %
�
2c w2� sdvvlqj wkurxjk %�� Ohw | dqg |� eh wkh lqwhuvhfwlrq

srlqwv ri { dqg wkh wdqjhqwv A dqg A � uhvshfwlyho|1 Wkh wuldqjohv %�|S2 dqg
%��|

�S�2 duh uljkw dqjohg1 Wkxv zh jhw t�?k ' oE%�cw�c%2cw2�

8%�3%28
' &

��3&2�
' t�?k��

Wkh srlqwv | dqg |� duh wkhq doljqhg1 Wklv frqfoxghv wkh surri1


Lw lv qdwxudo wr dvn krz wkh prgho ehkdyhv zkhq sduwlhv whqg wrzdug
v|pphwu|/ l1h1 zkhq & $ �� Uhfdoo wkdw S ' q%� n E� � q�%2 zkhuh q '

�
�3&2

	 f� Vr q $ n4 dv & $ �� Wkxv/ l2 ehfrphv eljjhu exw lwv fhqwhu S
jrhv wr lq�qlw|1 Lq wkh olplw/ l2 whqgv wr eh wkh kdoi0vsdfh gholplwhg e| wkh
phgldq k|shusodqh8 ehwzhhq %� dqg %2 dv lq wkh v|pphwulfdo prgho1 Djdlq/
Iljxuh U surylghv wkh jhrphwulfdo lqwxlwlrq1

Ohw xv qrz pryh wr wkh dqdo|vlv ri wkh jdph1 Zh gh�qh =

fW
� ' i%� 5 f m;%2 5 fc 7�E%�c w�c %2c w2� � �*2j

wr eh wkh vhw ri sod|hu*v � vwudwhjlhv wkdw jxdudqwhhv klp/ ru khu/ d vfruh
ryhu 4251

Ohppd 6 fW
� lv d forvhg/ frqyh{ vhw1

Iluvw/ zh suryh wkdw fW
� lv d forvhg vhw1

� Frqvlghu wkh ixqfwlrq )Ew�c%2cw2�
G %� :$ 7�E%�c w�c %2c w2�1 Wklv ixqfwlrq

lv frqwlqxrxv zlwk uhvshfw wr %� iru hyhu| ydoxh ri w�c %2 dqg w2� Wklv d
gluhfw frqvhtxhqfh ri wkh dvvxpswlrq pdgh rq wkh glvwulexwlrq s dqg
wkh surshuwlhv ri Ohehvjxh*v lqwhjudo1

� )3�
Ew�c%2cw2�

Ed�*2c �o� lv wkhq forvhg ehfdxvh lw lv wkh lqyhuvh lpdjh ri d
forvhg vhw xqghu d frqwlqxrxv ixqfwlrq1

� fW
� ' _%2Mf)

3�
Ew�c%2cw2�

Ed�*2c �o� lv wkxv dq lqwhuvhfwlrq ri forvhg vhwv dqg
vr lw lv d forvhg vhw lwvhoi1

8Wkh phgldq k|shusodqh ri {4 dqg {5 lv wkh vhw ri srlqwv lq LU
q
wkdw duh htxlglvwdqw

iurp {4 dqg {5=

9



Ohw xv qrz wxuq wr wkh frqyh{lw| sureohp1

� Frqvlghu % dqg + 5 fW

� / d srlqw 5 5 d%c +o dqg wkh pdsslqj �S G %2 :$
SE%�c w�c %2c w2�c zklfk dvvrfldwhv zlwk hdfk vwudwhj| ri sod|hu 2 wkh fhq0
whu ri wkh k|shuedoo l2E%�c w�c %2c w2�� Qrwh wkdw wkh pdsslqj �S iurp f
wr f lv rqh wr rqh1 Frqvlghu d k|shuedoo l2 ri fhqwhu S 5 f1 Wkh
udglxv ri wklv k|shuedoo lv xqltxho| ghwhuplqhg e| wkh uxoh ri wkh jdph1
% dqg + 5 fW

� / wkxv wkhuh h{lvwv qr %2 vxfk wkdw 7�E%c w�c %2c w2� � �*2
ru 7�E+c w�c %2c w2� � �*2� Frqvlghu d �{hg srlqw S� Zh vwxg| wkh ixqf0
wlrq o G 5 :$ oE5� dvvrfldwlqj wr hyhu| 5 5 d%c +o wkh ohqjwk ri wkh
udglxv ri l2E5c w�c %2E5�c w2� zkhuh %2E5� lv fkrvhq vr wkdw wkh fhqwhu S
ri l2E5c w�c %2c w2� uhpdlqv �{hg zkhq 5 pryhv1 Wkh ixqfwlrq o uhdfkhv
lwv pd{lpxp hlwkhu lq % ru lq + zkhq 5 ydulhv iurp % wr +� Wkxv/ wkh
iroorzlqj htxdwlrq lv vdwlv�hg e| hyhu| 5 5 d%c +o �

72E5c w�c %2E5�c w2� � 4@ d72E%c w�c %2E%�c w2�c 72E+c w�c %2E+�c w2�o � �*2

Wkhq wkhuh h{lvwv qr S lq f vxfk wkdw wkh k|shuedoo ri fhqwhu S jxdu0
dqwhhv sod|hu 2 d vfruh juhdwhu wkdq �*21 Vlqfh wkh pdsslqj S lv rqh
wr rqh/ iru dq| 5 5 d%c +o sod|hu*v 2 ehvw uhso| jlyhv klp2khu d vfruh
vwulfwo| ohvv wkdq �*2� Vr % dqg + 5 fW

� / lpsolhv wkdw dq| 5 5 d%c +o dovr
ehorqjv wr fW

� c zklfk suryhv wkdw fW

� lv frqyh{1


Zh qrz wxuq wr rxu pdlq uhvxowv=

Wkhruhp 7 H{lvwhqfh dqg xqltxhqhvv ri wkh htxloleulxp1

Iru hyhu| jdph/ rqh ri wkh iroorzlqj wzr sursrvlwlrqv krog=

� Wkh vhw fW

� lv qrw hpsw| dqg wkhuh h{lvwv d xqltxh Qdvk htxl0

oleulxp zklfk lv d grplqdqw vwudwhj| htxloleulxp1

� Wkh vhw fW

� lv hpsw| dqg wkhuh h{lvwv qr Qdvk htxloleulxp lq

sxuh vwudwhj|1

� Surri1

Vxssrvh fW

� lv qrw hpsw|1 Sod|hu ��r rswlpdo vwudwhj| lv wr fkrrvh %�
lq fW

� plqlpl}lqj wkh glvwdqfh ehwzhhq %� dqg klv2khu suhihuuhg sodwirup
R�� Wkdqnv wr wkh frqyh{lw| surshuw| ri wkh vhw fW

� suryhg lq rxu suhylrxv

:



ohppd/ vxfk d plqlpxp h{lvwv dqg lv xqltxh1 %W� ' @h}4�?%�MfW

�
n%� � R�n �

Wkh ixqfwlrq 72E%
W

�c w�c %2c w2� lv frqwlqxrxv zlwk uhvshfw wr %2c wkxv lw dwwdlqv
lwv pd{lpxp ryhu wkh frpsdfw vhw f1 Vr/ wkhlu h{lvwv d ehvw uhso| %W2 '
@h}4@ %2Mf 72E%

W

�c w�c %2c w2�� Wklv frqfoxgh wkh surri ri wkh wkhruhp
9


Fruroodu| 8 Li fW

� lv qrw hpsw|/ hlwkhu R� 5 fW

� dqg � zlqv wkh hohfwlrq e|

d vfruh deryh �*2 ru R� *5 fW

� dqg sod|hu � zlqv wkh hohfwlrq e| d vfruh ri

�*2�

� Surri

Wkh surri iroorzv iurp wkhruhp �1 Hlwkhu R� 5 fW

� dqg ��r rswlpdo vwudw0
hj| lv wr fkrrvh %W� ' R�� Ru R� *5 fW

� dqg wkhq %W� ' @h}4�?%�MfW

�
n%� � R�n

olhv rq wkh erxqgdu| ri fW

� lpso|lqj d vfruh ri �*2�

Wkhruhp 9 Iru hyhu| glvwulexwlrq sc wkhuh h{lvwv d xqltxh qxpehu &W Es�
vxfk wkdw wkh jdph ER�c &c s� srvvhvvhv d xqltxh Qdvk htxloleulxp lq

sxuh vwudwhjlhv zkhqhyhu & � &W Es� c dqg qr htxloleulxp lq sxuh

vwudwhj| zkhqhyhu & : &W Es�1

� Surri

� Ohw xv suryh wkdw hyhu| vwudwhj| ri sod|hu � ehorqjv wr fW

� zkhq & $
n4� Lq rughu wr gr vr/ frqvlghu wkh iroorzlqj h{suhvvlrq =

U
l2E%�cw�c%2cw2�

_s �

4@ %Mf sE%�� ?

E?3��
ZoE%�c w�c %2c w2�

? dqg uhfdoo wkdw oE%�c w�c %2c w2� '
&

��3&2�
n%� � %2n dqg wkdwf lv d erxqghg vhw1 Wkxv zkhqhyhu & $ n4c

oE%�c w�c %2c w2�
? $ f dqg vr/ 72E%�c w�c %2c w2� $ f�

� Vxssrvh qrz wkdw & whqgv wr rqh1 Wkhq wkh jdph whqgv wr wkh v|p0
phwulf jdph1 Lq vxfk fdvh fW

� vkulqnv wr wkh Frqgrufhw zlqqhu zkhq
lw h{lvwv/ dqg lv hpsw| rwkhuzlvh1

� Wkh odvw vwhs frqvlvwv ri surylqj wkdw fW

�E&� lv vwulfwo| lqfoxghg lq
fW

�E&
�� li dqg rqo| li & 	 &�� Vlqfh l2E%�c w

�

�c %2c w
�

2� � l2E%�c w�c %2c w2�

li dqg rqo| li w�
2

w�
�

	 w2
w�
vpdoohu ydoxhv ri & lqgxfh kljkhu vfruhv iru sod|hu

�� Wklv frqfoxghv wkh surri ri wkh odvw vwhs1


&W Es� uhsuhvhqwv d erxqg deryh zklfk wkh vhw fW

� lv qrw hpsw|1

9
Wkh ehvw uhso| ri sod|hu 5 pd| qrw eh xqltxho| gh�qhg1 Vlqfh wklv grhv qrw d�hfw

wkh rxwfrph ri wkh jdph/ zh pdlqwdlq wkh dvvhuwlrq wkdw wkh htxloleulxp lv xqltxh1 Lw lv

srvvleoh wr eh pruh suhflvh e| dvvxplqj wkdw sod|hu 5 vhohfwv wkh sodwirup wkdw lv forvhu

wr klv lghdo rqh s5=

;
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Fruroodu| : &W Es� ' � li dqg rqo| li wkh glvwulexwlrq s dgplwv d

Frqgrufhw zlqqhu�

� Surri1

Wkh surri lv reylrxv dqg fdq eh rplwwhg

Wklv fruroodu| suryhv wkdw dq htxloleulxp grhv qrw dozd|v h{lvw lq rxu

jhqhudo iudphzrun exw h{lvwhqfh lv jxdudqwhhg lq d eurdghu udqjh ri fdvhv
wkdq lq wkh v|pphwulfdo prgho1 Lq wkdw vhqvh/ rxu prgho lv d uhdo jhqhudol}d0
wlrq ri wkh v|pphwulfdo prgho1 Jhwwlqj dq h{solflw irup iru &W Es� uhpdlqv
dq rshq txhvwlrq zh zlvk wr dgguhvv lq ixuwkhu zrun1 Lqwxlwlrq vxjjhvwv wkdw
&W Es� lv d vruw ri v|pphwu| lqgh{ ri s 1 Wkh pruh s lv v|pphwulfdo durxqg
d srlqw wkh eljjhu lv fW

�
�

8 Frqfoxvlrq

Dv phqwlrqhg/ ixuwkhu uhvhdufk pd| ghhshq rxu xqghuvwdqglqj ri wkh orjlf
ri wkh dv|pphwulf prgho1 Dqrwkhu olqh ri uhvhdufk lv wr h{whqg wkh prgho
wr d g|qdplf prgho zkhuh wkh w sdudphwhuv duh �{hg hqgrjhqrxvo|1 Pruh
jhqhudoo|/ rxu prgho |lhogv d iuhvk orrn dw wkh h{lvwlqj olwhudwxuh rq vsdwldo
prghov ri yrwlqj1

Uhihuhqfhv

^4` Dohvlqd/ D1 hw K1 Urvhqwkdo +4<<8, Sduwlvdq Srolwlfv/ Glylghg Jryhuq0

phqw/ dqg wkh Hfrqrp|/ Fdpeulgjh X1N1 = Fdpeulgjh Xqlyhuvlw|1

^5` Edqnv/ M1 +4<<3, �D prgho ri hohfwrudo frpshwlwlrq zlwk lqfrpsohwh
lqirupdwlrq� Mrxuqdo ri Hfrqrplf Wkhru| 8305 ss 63<06581

^6` Grzqv/ D1 +4<8:, Dq Hfrqrplf Wkhru| ri Ghprfudf|/ Qhz \run Kdushu
dqg Urz1

^7` Ohzlv0Ehfn/ P1 +4<;;, Hfrqrplfv dqg hohfwlrqv/ Dqq Dueru1

^8` Ilrulqd/ P1 +4<<:, �Yrwlqj ehkdylru� lq G1 F1 Pxhoohu +hg, Shuvshfwlyhv
rq Sxeolf Fkrlfh/ Fdpeulgjh X1N1 = Fdpeulgjh Xqlyhuvlw| Suhvv ss
6<407471

<



^9` Kroodug/ J1 +4<<:, �O*ìfrqrplh gh od frqfxuuhqfh srolwltxh = xqh uhyxh
gh od olwwìudwxuh vxlylh gh ghx{ hvvdlv�/ Sk1G1 glvvhuwdwlrq/ Hfroh ghv
Kdxwhv Hwxghv hq Vflhqfhv Vrfldohv/ JUHTDP/ Pduvhlooh1

^:` Phuloo/ V1 +4<<5,/ �Dq hpslulfdo whvw ri wkh sur{lplw| dqg gluhfwlrqdo
prgho ri vsdwldo frpshwlwlrq= yrwlqj lq Qruzd| dqg Vzhghq�/ Plphr/
Zdonhv Xqlyhuvlw|1

^;` Pxvvd/ P dqg V1 Urvhq �Prqrsro| dqg surgxfw txdolw|�/ Mrxuqdo ri
Hfrqrplf Wkhru|/ 4;/ 634064:1

^<` Pxhoohu/ G1 F1 +hg, Shuvshfwlyhv rq Sxeolf Fkrlfh/ Fdpeulgjh X1N1 =
Fdpeulgjh Xqlyhuvlw| Suhvv

^43` Rveruqh/ P1 +4<<8, �Vsdwldo prghov ri srolwlfdo frpshwlwlrq xqghu sox0
udolw| uxoh= d vxuyh| ri vrph h{sodqdwlrqv ri wkh qxpehu ri fdqglgdwhv
dqg wkh srvlwlrq wkh| wdnh� Fdqdgldq Mrxuqdo ri Hfrqrplfv/ 5;05/ ss
59406341

^44` Sorww/ F1 +4<9:,/ �D qrwlrq ri htxloleulxp dqg lwv srvvlelolw| xqghu pd0
mrulw| uxoh� Dphulfdq Hfrqrplf Uhylhz/ 8:/ :;:0;391

^45` Srroh/ N1 hw K1 Urvhqwkdo +4<;7, �XV suhvlghqwldo hohfwlrqv 4<9;04<;3=
D vsdwldo dqdo|vlv�Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh 5;/ ss 5;506451

^46` Urhphu/ M1 +4<<7d, �Wkh vwudwhjlf uroh ri sduw| lghrorj| zkhq yrwhuv
duh xqfhuwdlq derxw krz wkh hfrqrp| zrunv� Dphulfdq Srolwlfdo Vflhqfh

Uhylhz/ Yro1 ;;05/ ss 65:06681

^47` Urhphu/ M1 +4<<7e, �D wkhru| ri gl�huhqwldwhg srolwlfv lq d vlqjoh0lvvxh
iudphzrun� Vrfldo Fkrlfh dqg Zhoiduh 4407/ ss 68806;31

^48` Zlwwpdq/ G1 +4<::, �Fdqglgdwh zlwk srolf| suhihuhqfhv= D g|qdplf
prgho� Mrxuqdo ri Hfrqrplf Wkhru| 47/ ss 4;304;<1

^49` Zlwwpdq/ G1 +4<<3, �Vsdwldo vwudwhjlhv zkhq fdqglgdwhv kdyh srolf|
suhihuhqfhv� lq P1 Hqhorz M1 Klqlfk +hgv, Dgydqfhv lq wkh vsdwldo wkhru|

ri yrwlqj Fdpeulgjh X1N1 = Fdpeulgjh Xqlyhuvlw| Suhvv ss 990<;1

43
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Surri ri ohppd 41
Ohw xv vlpsoli| wkh h{suhvvlrq ri o�
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