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Abstract. The interplay of particle and vibrations in N=7 isotones is considered according to nuclear field
theory, focusing on the main many-body effects which renormalise the energy spectrum of the halo nucleus
11Be, leading to parity inversion and to renormalization of the form factors determining the cross sections
associated with one-nucleon transfer reactions.

1 Introduction

Many features of the N=7 halo nuclei 10Li and 11Be can
be understood taking into account the strong many-body
renormalization effects arising from the coupling of parti-
cles with the quadrupole collective vibrations of the core.
In particular, this coupling leads to the inversion of the se-
quence of the 1

2
+ and 1

2
− levels, as compared to the usual

shell model order. In this contribution we outline the treat-
ment of these many-body effects and the results obtained,
also for other N=7 isotones, within nuclear field theory
(NFT) [1–4], which has been shown to lead to a rather ac-
curate description of the structure and reactions measured
in these nuclei, in particular reproducing the absolute cross
sections of the 10Be(d,p)11Be and 9Li(d,p)10Li transfer re-
actions [5, 6].

2 The model Hamiltonian

The starting Hamiltonian is H = H′sp + Htb, where H′sp
is a one-body term and Htb is the two-body (four-point
vertex) interaction. The free (bare) fermion fields are
the Hartree-Fock solution (Hsp) of H . In the result-
ing (particle-hole) basis the collective (quadrupole) states
are to be calculated by diagonalising Htb in the random
phase approximation (RPA). The corresponding solutions
provide, aside from the collective Hamiltonian Hcoll, the
particle-vibration coupling vertices (HPVC). These ver-
tices and the two-body interaction should be allowed to
act in all orders of perturbation theory to generate the
variety of Feynman diagrams leading to the renormal-
isation of the single-particle and collective (free fields)
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modes and their interweaving, with the proviso of elimi-
nating the contribution of virtual unperturbed loops (bub-
bles). Expressing it differently, one is confronted with the
task of diagonalising the second term of the Hamiltonian
H = (Hsp + Hcoll) + (HPVC + Htb) in a basis consisting of
single-particles and collective states, with the proviso of
eliminating from the initial and final states particle (and
hole) configurations which can be replaced by collective
modes.

In what follows, we implement this program in con-
nection with a series of N = 7 isotones, in terms of the
program of renormalized NFT [3]. The one which par-
allels that of QED in the case of single-particle states:
the bare energies are adjusted so that the dressed (renor-
malized) single-particle states best reproduce the experi-
mental findings [5]. Empirical renormalization (see e.g.
[3]) concerning collective motion is adopted. In particu-
lar we will calculate the quadrupole vibrations by diag-
onalizing in the RPA and in an empirical single-particle
basis (Woods-Saxon parametrization as found in Eq. (2-
181) of ref. [7]) a separable interaction tuned to repro-
duce the properties of the low lying modes. Within this
approximation, the particle-vibration coupling form factor
in the case of quadrupole vibrations is δV2(r)Y2µ(r̂), where
δV2(r) = −β2R0dV/dr. It is of notice that we will not con-
sider those diagrams which renormalise the phonon states,
in keeping with the fact that such diagrams lead to results
which reproduce the experimental findings [8]. Further-
more, we will neglect the four point (fermion) vertices, as
it is known that their contribution is small.

Although it is possible to iterate the desired processes
to infinite order of perturbation theory, a useful parameter
to assess the order of a graphic contribution is 1/Ω, Ω be-
ing the effective degeneracy of the model space (number of
Kramers degenerate levels available to the particles lying
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close to the Fermi energy). The order of a given diagram
is given by nΩ = nΛ/2 − n f + ntb, where n f , nΛ, ntb are the
number of fermion loops over which summation can be
carried out, the number of particle-vibration coupling ver-
tices and the number of four-point vertices respectively.

The configurations including one or more phonons lie
outside the single-particle (basic) space, and enter the cal-
culations as intermediate, virtual states, their energies ap-
pearing in the energy denominators of the Feynman dia-
grams. This procedure leads to an energy-dependent self-
energy function, producing a much greater number of so-
lutions than the dimension of the explicit single-particle
basis. The square amplitude of the single-particle com-
ponent associated with each solution is in general smaller
than one, reflecting the fact that the renormalised states
contain admixtures with collective phonons. The ’hidden’
configurations containing one or more phonons may be ex-
plicitly reconstructed following the Bloch-Horowitz for-
malism (see App. B of [1]).

The parameters of the mean field Hsp are chosen so
as to give an optimal global fit to the experimental energy
spectra in the N = 7 isotones 10Li,11Be, 12B and 13C, after
many-body renormalisation effects are taken into account.
This bare mean field is parametrised as a Saxon-Woods
potential well, characterised by the well depth VWS , the
diffuseness aWS , the radius RWS and by the spin-orbit
strength parameter VLS , as well as by a r−dependent effec-
tive mass. We obtain the values VWS = −82+54(N −Z)/A
MeV, a = 0.75 fm, RWS= 0.99 A1/3 fm and VLS= 0.3 VWS .
We will be particularly interested in the renormalization
of s1/2, p1/2 and d5/2 orbitals lying above the Fermi energy
EF . The renormalized radial wavefunction associated with
these states will be denoted by R̃ai(r), where a ≡ {l j}, while
i labels the various solutions. It obeys the equation

HspR̃ai(r) +
∫

dr′Σa(r, r′, Ẽai)R̃ai(r′) = ẼaiR̃ai(r), (1)

where Σa(r, r′, Ẽ) denotes the self-energy. This is a com-
plex, non local, energy-dependent quantity, which repre-
sents the interaction between the odd neutron (halo neu-
tron in the case of 10Li and 11Be) and the core, and is an
essential element to compute the single-particle transfer
cross sections together with the optical potentials in the
entrance and exit channels. Within this context Σ is the
structure input needed to calculate the polarisation contri-
bution to the optical potential.

3 Many-body renormalization effects

The self-energy in the first order of perturbation in 1/Ω,
i.e. including only intermediate configurations containing
one phonon, can be written explicitly as a sum over the
unperturbed wave functions and energies RWS

ai and Eai cal-
culated in the (bare) Saxon-Woods potential well,

Σa(r, r′, Ẽ) =
∑

bi
Ξ2

a,bλR
WS
bi (r′)RWS

bi (r)δV(r′)δV(r)

Ẽ−(Ebi+�ω−iη) +

∑
ci
Ξ2

a,cλR
WS
ci (r′)RWS

ci (r)δV(r′)δV(r)
Ẽ+(Eci+�ω−iη) , (2)

where (Ebi > EF ; Eci < EF), while Ξa,bλ denote angular
momentum recoupling factors. We have included contin-
uum states up to 50 MeV, calculated in a box of radius
equal to 50 fm, checking that this leads to converged re-
sults, within 100 keV, for the energy of the renormalised
states. Note that expressions analogous to that of Eq. (2),
i.e. of second order in β2, appear in a number of many-
body approaches in the calculation of the self-energy. The
first term accounts for correlations due to HPVC and acts
mostly on the bound 2s1/2 state and on the d5/2 levels ly-
ing in the continuum, while the second one accounts for
the blocking of core ground state correlations and strongly
renormalizes the 1p1/2 state, due to the quadrupole cou-
pling to the 1p3/2 hole state. The first-order results are
schematically shown in Fig. 1 (2nd column), where it can
be seen that the inversion between 1/2+ and 1/2− levels is
reproduced. The different renormalized states (i = 1, 2, ...)
of angular momentum and parity jπ will be denoted by
j̃πi , their energy by Ẽ jπi , and their amplitude over a single-
particle state k by (̃a jπ )ik. The sum of the amplitudes
squared Ã2

jπi ≡
∑

k (̃a jπ )2
ik for the states j̃πi = 1̃/2

+

1 , 1̃/2
−
1

is equal to 0.93 and 0.85 respectively, reflecting the size-
able admixture of the 2+ phonon in the wavefunctions. The
5/2+ phase shifts show a resonance lying at an energy sev-
eral MeV lower than its unperturbed value calculated with
the bare potential.

In many applications, the processes described by Eq.
(2) are sufficient to obtain a reasonable description of ex-
perimental data, in particular in heavy spherical nuclei
(Ω ≈ 6−8 for A ≈ 120 andΩ ≈ 8−10 for A ≈ 200). In the
case of the N=7 isotones under study, for whichΩ ≈ 3−5,
it turns out that further orders in the perturbation series
have to be included in order not to miss important renor-
malization effects on specific configurations, as it will be
shown below.

Substituting the unperturbed WS energies and wave-
functions Ebi,RWS

bi appearing in Eq. (2) with perturbed
ones to be determined, leads to a more complex expres-
sion for the self-energy, involving the unknown energies
for states of different angular momentum, and the result-
ing equations should be solved simultaneously and consis-
tently for all of them. This amounts to the summation of
the so called rainbow series to infinite order (see Fig. 2),
including configurations with an arbitrarily large number
of phonons, subject only to the restriction of no crossing
among them. An important property of this series is the
systematic coherence of all the terms. Contributions in-
volving configurations containing crossing phonons (ver-
tex corrections) imply recoupling factors of varying sign,
which in general cause strong cancellations, leading to
smaller contributions, which we neglect.

The rainbow series can be summed to infinite order
making use of the empirical renormalization method for
the intermediate states in Eq. (2). This should represent
a reasonable approximation, if the renormalized energies
and wavefunctions resulting from Eq. (1) turn out to be
indeed close to the experimental data, as has been exten-
sively tested in ref. [8]. In practice, we implement it by
calculating Eq. (2) inserting energies and wave functions

2
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Figure 1. (color online) Theoretical spectrum of low-lying states of 11Be, calculated in different perturbation orders in NFT. The lowest
1/2−,1/2+ and 5/2+ levels are shown by solid, dot-dashed and dashed lines respectively. In the case of 5/2+, the energy of the resonant
state is indicated. Representative diagrams included at each order are drawn at the bottom of the figure.

interesting to remark that the first term originates form the R^C components, that is accounts for new correlations due to H_PVC, while 
the second one originates from the R^D component, namely account for the blocking of core ground state correlations.
  Note that this expressions can be viewed NUOVO as the first order in Omega pertubation expression in the so called Bloch Horowitz
form since the final energy tilde E appears in the denominator as well as the egenvalue. This implies a consistency requirement when 
using them in calculating bound states energies.

Rainbow Series Approximation; Empirical Renormalization.

substituted by the perturbed, unknown, ones 

we obtain the so called Rainbow Approximation, where now the socalled rainbow self-energy appears, now as a much more complex 
function, since it dependes on all of the unknow energies of all of the partial waves. For this reason these equations must be solved in 
paralell and consistently  for all of the (renormalized and fragmented) partial waves. 

This approximation implies the automatic summation of the so called rainbow series, NUOVO and thus of terms includind first, 
second, third,...  order contributions in the expansion series, 

that is configurations with an arbitrarily large number of phonons with the only restriction of non crossing among them. The virtue of this 
series is the systematic coherence of all the terms. Instead crossing phonons type contribution, NUOVO although belonging to similar
order in the expansion series, involve complicated recouplings which in general made them rather chaotic and much less relevant 
from the numerical point of view. Obviously the scope of incorporing the rainbow series is that of obtaining a better solution, that is 
closer to the exact, and hopefully to the experimental data.

But as stated above we are aimed to a close description (and understanding) of the data, in particular the energy levels of the N=7 
isotopes, and for this porpose we have 4-free parameters to be fitted. In this fitting spirit it is obvious that a extremely convenient short 
cut for the solution of the Rainbow series equations is simply using the experimental data in constructing the self-energy functions, 
exactly in the same spirit that the phonon properties are used. Note that doing so is not at all any guarantee on what the quality of the 
solution of the above equation will be. In fact a good quality for these will be the criteria for choosing the mentioned free parameters.

NUOVO
We have check the efficiency of such a short cut in schematic models in which full solution of the Rainbow series can be 
numerically performed. The later is not an obvious task. In fact including arbitrary number of phonons configurations is 
performed by an iterative procedure, using the solution of one step as input for the next one. As it is obvious the model space 
grows exponentially and some kind of cut-off and averaging in the high energy part of the espectra is compulsive. …

    INCLUDE SOME NUMBERS HERE???

When going to the realistic models the Empirical Renormalization is performed by using an “empirical basis” for constructing 
the self-energy function, which is constructed using ad-hoc WS potentials that give a good reproduction of the known 
binding/resonance energy of the different partial waves of the different nuclei of the region.

Thus when using the empirical renormalization procedure,  according to the rainbow series approxiamtion, we are implicitly including 2-
phonon, 3-phonon,... configurations, although the most important contribution when going from fisrt order to the Rainbow/Emirical series
is the inclusion of second order terms, those including 2 phonons in the expansion.

The need of the inclusion of the rainbow series is numerically analyzed bellow in the case of 11Be, though conceptually it is expected to 
be a signal of the use of mean field tecniques at the limits of their applicability.  But before going to numerical aspects an important 
effect must be taken into account as a result of the inclusion of many-phonons configurations through either the Empirical 
Renormalization or through Rainbow Series Approximation.

Figure 2. The rainbow series.

obtained from the empirical Saxon-Woods potentials men-
tioned above [7].

We then obtain that the summation of the rainbow se-
ries leads to a rather dramatic effect for the 5̃/2+1 state,
which has a resonant, many-body character, displaying an
admixture with the s1/2 ⊗ 2+ and d5/2 ⊗ 2+ configurations
as large as 50%. This state becomes almost bound (Ẽ5/2+1
= 0.6 MeV), in contradiction with experimental data (1.3
MeV). This strong effect is mostly due to the fact that
the virtual 2s1/2 state entering the rainbow series is bound
(empirical renormalization, E1/2+= -0.5 MeV), leading to
a enhanced coupling of the 5̃/2

+

1 state with the s1/2 ⊗ 2+

configuration, as compared to the first order, in which the
s1/2 state is calculated in the bare potential and lies in
the continuum. The coupling of the 1̃/2+1 state with the
d5/2 ⊗ 2+ configuration is also enhanced, and the value of
Ã2

1/2+1 goes from 0.93 to 0.76.
Physically, the reason for these strong effects is the

overcounting of the correlations appearing when two or
more quadrupole phonons are present, as in rainbow-like
processes. In other words, RPA phonons are quasi-bosons
with an underlying fermionic structure, which eventually
lead to Pauli principle corrections when two or more of
them are present in a given configuration. The relevance
of this interference increases as the p-h Hilbert configura-
tion space becomes smaller, which is the case for light nu-
clei, where the density of bound/resonant levels is rather
low. In the present case such problems manifest them-
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Figure 3. (color online) The experimental energies of the low-
lying states in the N = 7 isotones 11Be, 12B and 13C are displayed
by solid lines. The corresponding theoretical energies are shown
by dashed lines. Also shown are the predictions in 10Li. States
based on 1/2−, 1/2+ and 5/2+ neutron configurations are shown
by blue, red and green lines respectively.

selves first in the third order of perturbation, in keeping
with the sensible results obtained for the 5̃/2

+

1 state in sec-
ond order, obtained iterating the first order results ( Ẽ5/2+1=

1.1 MeV, see Fig. 1, third column). In fact, Pauli block-
ing effect appears in the self-energy at the third order in
1/Ω, through the so called butterfly diagrams, shown in
the bottom part of Fig. 1 (4th column, (b)). In 11Be, these

3
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Figure 4. From [5]. Absolute differential and (insets) integrated cross sections associated with the reactions d(10Be,11Be)p at E = 107
MeV, populating the 1/2+, 1/2− and 5/2+ low-lying states. The experimental data [9] are displayed in terms of solid dots.

diagrams increase the energy of the 2+1 ⊗ 2+1 two-phonon
configuration by about 2.5 MeV, and decrease the value of
the quadrupole deformation parameter β2 by about 25%.
Depending on the extent that the two phonon configura-
tion appears in the rainbow series, the effect of the an-
harmonicity differs considerably from one partial wave to
the other. Its contribution is particularly relevant for the
5̃/2

+

1 state, increasing its energy by 0.7 MeV and bringing
the empirical renormalization result to Ẽ5/2+1= 1.3 MeV,
in agreement with the experimental data. This result co-
incides with energy calculated in perturbation, which in-
creases by 0.2 MeV going from the second order to the
third order, as a result of an attractive contribution of -0.5
MeV arising from diagram (a), and a repulsive one of +0.7
MeV due to diagram (b) (see Fig. 1, fourth column). Third
order effects on the 1̃/2

+

1 state are modest and those on the
1̃/2

−
1 state are even weaker. Finally, one obtains Ã2

1/2+1

= 0.86 and Ã2
1/2−1 = 0.83. Overall, the results displayed in

Fig. 1 testify to the convergence of the NFT results already
at third order of perturbation theory.

It is of notice that the sensitivity of the 5̃/2
+

1 state to
corrections beyond the first order is in keeping with the
fact that, in order to reproduce the energy of this state in
other theoretical schemes, important changes in the spher-
ical mean field or the introduction of a deformed mean
field are required. We furthermore remark that the effects
discussed above are associated with many-body phenom-
ena (core excitation), and their occurrence in microscopic
models should be rather independent of the N-N interac-
tion used.

The renormalized energies of 11Be as well as of 13C
are compared to experimental data in Fig. 3. The cal-
culated wave functions and associated self-energies have
been used to calculate one-particle cross sections [5], re-
sulting in an overall agreement with the data. In Fig.
4 the calculated cross sections associated with the reac-
tions d(10Be,11Be)p at E=107 MeV performed in inverse
kinematics, populating the 1/2+, 1/2− and 5/2+ states are
shown and compared with experimental data [9].

4 The case of odd-odd nuclei

In the case of the N=7 isotopes 12
5 B and 10

3 Li, which have
an odd number of protons, one needs to take into account

the interaction of this proton with the renormalized neu-
tron, before being able to compare the NFT results with
experiment. In fact the coupling of the 1p3/2 proton with
the neutron 1̃/2

+

1 and 1̃/2
−
1 states leads in either case to a

doublet, namely 1− and 2−, and 1+ and 2+ respectively,
while its coupling with the 5̃/2

+

1 neutron state leads to
a 1−, 2−, 3− and 4− quadruplet. These multiplets are de-
generate in the mean field approximation, while they are
splitted according to experiment. An accurate theoretical
description of such splittings requires an accurate consid-
eration of the n-p interaction. We have limited ourselves to
the use of a rather simple, but extensively employed ver-
sion of a zero range force [10], containing a direct and a
spin dependent term. The resulting levels and splittings are
shown in Fig. 3. In all these result the empirical renormal-
ization and the anharmonicity corrections described above
have been included. The comparison with data is rather
satisfactory. The calculation of transfer cross sections us-
ing the calculated renormalized wavefunctions (form fac-
tors) and associated self-energies are in progress [6].
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