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We present a general framework with which the Schwarzschild-Tangherlini metric of a point particle in
arbitrary dimensions can be derived from a scattering amplitude to all orders in the gravitational constant,
GN , in covariant gauge (i.e. Rξ gauge) with a generalized de Donder–type gauge function,Gσ . The metric is
independent of the covariant gauge parameter ξ and obeys the classical gauge condition Gσ ¼ 0.
We compute the metric with the generalized gauge choice explicitly to second order in GN where
gravitational self-interactions become important and these results verify the general framework to one-loop
order. Interestingly, after generalizing to arbitrary dimension, a logarithmic dependence on the radial
coordinate appears in space-time dimension D ¼ 5.

DOI: 10.1103/PhysRevD.102.104065

I. INTRODUCTION

The classical limit of effective quantum gravity is a
successful description of general relativity. Here, quantum
field theoretic methods are used to derive results in classical
general relativity [1–9]. In this approach gravitational inter-
actions aremediated by spin-2 gravitons andgeneral relativity
is recast in the language of quantum field theory [10].
The field theoretic description of gravity is easily gener-

alized to arbitrary space-time dimensions, D [11–14].
Already when working with Einstein gravity in D ¼ 4, if
the dimensional regularization scheme is used, it is to some
extent necessary toworkwith an arbitrary dimensionDwhen
pursuing the field-theoretic framework. A classic result is the
Schwarzschild-Tangherlini metric which describes the gravi-
tational field of a neutral, nonrotating point particle at rest.
The quantum field description of gravity has given new

insights into the gauge theory of gravity. A well-known
example is the double-copy nature of gravity in terms of
Yang-Mills gauge theory [15]. Interest in the gauge free-
dom of gravity has led to the study of new perturbative
gauges and field redefinitions which e.g. can be used to
reduce the complexity of the Feynman rules or make
apparent the double copy nature of gravity [16,17]. In
general, these studies give hope that a thorough under-
standing, and exploitation, of the gauge freedom of gravity
will result in simplifications of the complicated tensor

structure of quantum gravity and possibly offer an
improved starting point from which to continue investiga-
tions into quantum corrections.
In this paper, we analyze the quantum field theoretic

expansion of the Schwarzschild-Tangherlini metric from a
series of Feynman diagrams with an ever-increasing num-
ber of loops. Such an all-order expansion was suggested in
[2] where it was shown how the loop integrals can be
reduced in the classical limit. Already, such expansions
have been done to second [12,18] and third [3] order in the
gravitational constant GN .
Our analysis uses a novel generalized gauge fixing

function which combines harmonic gauge, gμνΓσ
μν ¼ 0,

and the linearized version de Donder gauge, ∂μh
μ
σ ¼ 1

2
∂σh.

Working all the time in arbitrary dimensions D we use
covariant gauge (i.e. Rξ gauge) so that our analysis depends
on the arbitrary parameter ξ. This approach clearly demon-
strates how the classical limit depends on the quantum gauge
fixing procedure.
The standard coordinates of the Schwarzschild-

Tangherlini metric are spherical and not of the perturbative
kind used in effective quantum gravity. Perhaps the most
well-known perturbative gauge is harmonic gauge. In
space-time dimension D ¼ 4 analytic results in harmonic
gauge to all orders in GN are known [13,19]. However in
dimensions D ≠ 4 and in de Donder gauge analytic results
are rare. In [3] we find the metric in de Donder gauge to
third order in GN , and in [12] we find it also in de Donder
gauge in arbitrary dimensions D to second order in GN .
After presenting general formulas relating the

Schwarzschild-Tangherlini metric to scattering amplitudes
we explicitly compute the metric to second order in GN .
This gives a new general result for the perturbative
expansion of the Schwarzschild-Tangherlini metric in the
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generalized gauge including both de Donder and harmonic
gauge in arbitrary dimensions. As a consistency check,
in Appendix C we compare the amplitude approach with a
derivation using only methods from classical general
relativity.
In space-time dimension D ¼ 5 we find the curious

appearance of a logarithmic dependence on the radial
variable at second order in GN . This is analogous to the
case in [3] in D ¼ 4 at third order in GN . We explain how
the arbitrary scale thus introduced corresponds to a coor-
dinate transformation which is allowed because of redun-
dant gauge freedom. From this explanation it is expected
that the appearance of logarithmic dependence is limited to
D ¼ 5 at second and higher orders in GN and D ¼ 4 at
third and higher orders in GN .
The paper is organized as follows. In Sec. II we discuss

the gauge-fixed action and the generalized de Donder–type
gauge function in detail as well as the resulting classical
equations of motion. We consider the Feynman rules and
present the graviton propagator in covariant gauge. Then, in
the first part of Sec. III we consider general ideas of the all
order expansion of the Schwarzschild-Tangherlini metric in
terms of scattering amplitudes. In Secs. III A and III B we
compute the first and second order contribution to the
metric, respectively. In Sec. IV we discuss the appearance
of logarithms in the metric. There are three appendices. In
Appendix Awe present the relevant Feynman rules for our
computations and in Appendix B we analyze the triangle
integrals for the one-loop amplitude. In Appendix C we go
through the alternative derivation of the expansion of the
Schwarzschild-Tangherlini metric.

II. COVARIANT AND GENERALIZED
GAUGE FIXING

We work with the Einstein-Hilbert action minimally
coupled to a massive scalar field together with the covariant
gauge fixing term:

S ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
2R
κ2

þ Lϕ

�
þ
Z

dDx
ημνGμGν

κ2ξ
: ð1Þ

Here κ2 ¼ 32πGN and Lϕ ¼ 1
2
ðgμν∂μϕ∂νϕ −m2ϕ2Þ and

we use the mostly minuses metric. Also, ξ is the covariant
gauge parameter. Additionally, from the path integral gauge
fixing procedure, there would be a ghost term which we,
however, will not consider since it does not contribute in
the classical limit.
We choose a de Donder–type family of gauge functions

Gσ which depend on the arbitrary parameter α:

Gσ ¼ ð1 − αÞ∂μ

�
hμσ −

1

2
ημσhνν

�
þ αgμνΓσμν: ð2Þ

Here hμν ¼ gμν − ημν and indices on hμν are raised and
lowered with the flat space metric. The index on Γσμν was
lowered with gμν.
Note the details of this gauge function. When α ¼ 0 we

have de Donder gauge, ∂μðhμσ − 1
2
ημσhÞ ¼ 0 and when α ¼ 1

we have harmonic gauge gμνΓσμν ¼ 0. Here we have used
similar terminology as [16]. Any choice of α, however,
results in a perturbatively valid gauge choice of the same
generalized type as discussed in [16]. WhenGσ is expanded
in hμν the linear term is independent of α while the
nonlinear terms are linear in α. Thus, the gauge parameter
α scales all the nonlinear terms of Gσ. For the one-loop
computation we need only the linear and quadratic terms
which we find to be:

Gσ ¼ hμσ;μ −
1

2
hμμ;σ − α

�
hμνhνσ;μ −

1

2
hμνhνμ;σ

�
þOðh3Þ: ð3Þ

Here, and later, we use the comma notation for partial
derivatives.
The classical equations of motion δS ¼ 0 depend on

both gauge parameters. First, we will focus on the depend-
ence on the covariant parameter. We get the equations of
motion

Gμν þ 1

ξ
Hμν ¼ −

κ2

4
Tμν; ð4aÞ

ffiffiffiffiffiffi
−g

p
Hμν ¼ Pμνρσ∂σGρ þ αGρΓραβgαμgβν

þ α

�
IμνρκIσκαβ −

1

2
δσρI

μν
αβ

�
∂σðGρðgαβ − ηαβÞÞ;

ð4bÞ

where in Eq. (4b) we use the notation Iμναβ ¼ 1
2
ðδμαδνβ þ δμβδ

ν
αÞ

and Pμν
αβ ¼ Iμναβ −

1
2
ημνηαβ from e.g. [10,20] and indices on

Gσ andP
μν
αβ are raised with the flat space metric. In Eq. (4a),

Gμν is the Einstein tensor, Tμν is the energy-momentum
tensor of matter, andHμν is a Lorentz covariant tensor which
breaks the general covariance of the Einstein field equations.
We get an additional equation to Eq. (4a) by taking the

covariant derivative on both sides. Since both DμGμν and
DμTμν vanish by themselves, the covariant derivative of the
gauge-breaking tensor Hμν is forced to disappear as well:

DμHμν ¼ 0: ð5Þ

We interpret Eq. (5) as a gauge condition on the metric, gμν.
It is still not clear how to solve the equation of motion

Eq. (4a) together with the gauge condition Eq. (5) and what
roles the covariant parameter, ξ, and Hμν play. However, it
is easy to construct a metric which satisfies these equations.
Namely, if we choose a metric which obeys the Einstein
field equations,
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Gμν ¼ −
κ2

4
Tμν; ð6Þ

together with the simple gauge condition Gσ ¼ 0. This
metric solves Eqs. (4a) and (5). This is so since from the
definition of Hμν in Eq. (4b) it is clear that Gσ ¼ 0 implies
that Hμν vanishes. Hence this metric trivially solves the
gauge condition Eq. (5) and due to the vanishing of Hμν

Eq. (4a) reduces to the Einstein field equations which the
metric is assumed to satisfy.
In a perturbative expansion of Eq. (4a) where hμν is

expanded in powers of GN and Tμν is given as a source
describing the point particle at rest, the propagator of hμν is
well defined (and is the same as the quantum propagator
presented below). Hence the metric is uniquely defined by
the equation of motion, Eq. (4a), to the extend that the
source, Tμν, is so and with the exception of possible scales
from the renormalization of divergencies. We expect this
(unique) solution to be the metric gμν discussed above
which solves the Einstein field equations, Eq. (6), with the
gauge condition Gσ ¼ 0.
In this case the metric is clearly independent of the

covariant parameter, ξ, since it is defined by equations
which are both independent of ξ and we see then, that the
two gauge parameters ξ and α play very different roles. The
covariant gauge parameter ξ appears only during inter-
mediate steps and the classical metric is independent of ξ.
During the calculation, however, it is convenient to separate
quantities into parts according to their dependence on ξ.
The parameter α is introduced to describe an entire family
of classical gauge choices. The classical metric then
depends on α since the gauge condition Gσ ¼ 0 does.
To derive the Feynman rules we expand the action

around flat space-time in hμν. Since the linear term of
the gauge function Gσ is independent of α, the quadratic
term in the action S will also be independent of α. From the
quadratic term in S we derive the graviton propagator in
covariant de Donder gauge in momentum space:

iGμν
αβ

q2 þ iϵ
¼ i

q2 þ iϵ

�
P−1μν

αβ − 2ð1 − ξÞIμνρκ q
ρqσ
q2

Iκσαβ

�
: ð7Þ

Here P−1μν
αβ is the inverse operator to P

μν
αβ which is the well-

known de Donder propagator

P−1μν
αβ ¼ Iμναβ −

1

D − 2
ημνηαβ; ð8Þ

to which the covariant propagator reduces for ξ ¼ 1. For
other values of ξ a new momentum-dependent term appears
in the propagator. Later, it will be convenient to separate the
propagator into two terms, one independent of ξ and the
other linear in ξ.
Expanding the action in hμν generates terms with an

arbitrary number of gravitons. For the one-loop calculation

only the ϕ2h and h3 vertices are necessary. These are
included in Appendix A. We note, however, how the
vertices in general depend on the gauge parameters ξ
and α. The coupling of h to ϕ is independent of the gauge
fixing and hence the vertices ϕ2hn as well. The graviton
self-interaction vertices can conveniently be separated into
two terms, one independent of ξ and one linear in 1

ξ. As for

the terms linear in 1
ξ these can then be divided into terms

linear or quadratic in α.

III. DIAGRAM EXPANSION OF THE
SCHWARZSCHILD-TANGHERLINI METRIC

It is an exciting idea that the Schwarzschild-Tangherlini
metric can be computed from scattering amplitudes and
Feynman diagrams [1,2]. Since the metric is not a gauge-
invariant object, the relevant diagrams cannot be gauge-
invariant either and they will include an external graviton.
In this section we relate the Schwarzschild-Tangherlini
metric to the vertex function of a massive scalar interacting
with a graviton. This amplitude is shown in Fig. 1. In the
classical limit, diagrams with an arbitrary number of loops
still contribute and loops correspond to orders in GN .
The classical limit of amplitudes is discussed in detail in

Refs. [4,16]. In this limit, namely S=ℏ → ∞, classical long-
range contributions come from the part of the amplitude
where graviton momenta are sent to zero. This applies both
to external momenta such as qμ in Fig. 1 and internal loop
momenta. On the other hand, scalar momenta are kept finite
and the massive scalar is interpreted as a point particle.
For the vertex function shown in Fig. 1 we put the

incoming scalar momentum on shell so that k2 ¼ m2. The
amplitude is then multiplied together with a delta function
δðkqÞ which, in the classical limit, puts the outgoing scalar
on-shell as well [since we can neglect q2 in ðk − qÞ2]. Note
that, in the classical limit, the amplitude together with
the delta function is invariant if we translate kμ with qμ and
we could also choose a symmetrical labeling if we let
kμ → kμ þ qμ=2.
The Lorentz covariance of the perturbative quantum

field theoretic framework invites us to work in an arbitrary
inertial frame. It will be convenient then to introduce
a notation which separates tensors into parallel and

FIG. 1. A massive scalar interacts with a graviton. The diagram
represents the vertex function, iMμν

vertex. In the classical limit, it
acts as the source of the metric.
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orthogonal parts with respect to the point particle momen-
tum kμ. We introduce the following projection operators

ηkμν ¼ kμkν
m2

; ð9aÞ

η⊥μν ¼ ημν −
kμkν
m2

; ð9bÞ

and use similar symbols to signify projection with respect
to these. This notation is similar to that in [12]. These
operators are particularly simple in the inertial frame of kμ

where they are diagonal and represent the time and space
components of ημν, respectively. Our definition of the
Fourier transform between position and momentum space
will be that of relativistic quantum field theory.
In the classical limit we interpret the amplitude in Fig. 1

as the source of the metric, hμν, generated from the point
particle and the surrounding gravitational field. The source
of hμν, that isM

μν
vertex, is combined of an energy-momentum

pseudotensor and a gauge fixing term. From a comparison
with the classical equations of motion we find that, in the
classical limit,

2πδðkqÞMμν
vertex ¼ −κτ̃μν −

1

ξ

4

κ
H̃μν

nonlinear; ð10Þ

where τ̃μν and H̃μν
nonlinear are independent of ξ but both

depend on qμ and kμ.
The tensor τ̃μν is the total energy-momentum tensor of

matter and gravitation in momentum space and is e.g.
discussed in [18,19]. It is locally conserved and therefore
obeys qμτ̃μν ¼ 0. To zeroth order, it is given by the point
particle energy-momentum tensor of special relativity, and
loop-corrections describe energy momentum from the
surrounding, self-interacting gravitational field. The tensor
H̃μν

nonlinear is the nonlinear (in hμν) part of the gauge-breaking
tensor, Hμν, in momentum space.
It is not clear that, in the classical limit, the dependence

on ξ of Mμν
vertex can be reduced to that of the simple

expression in Eq. (10), since each graviton self-interaction
vertex includes a factor 1

ξ and each graviton propagator a
factor ξ. However, due to several cancellations, all powers
of ξ different from 1

ξ disappear in the classical limit.
To get the metric, we solve the classical equation of

motion δS ¼ 0 by contracting Mμν
vertex with the graviton

propagator Eq. (7). Finally we can go to position space with
a Fourier transform to get the Schwarzschild-Tangherlini
metric:

gμν ¼ ημν −
κ

2

Z
dDqδðkqÞe−iqx

ð2πÞD−1
Gμναβ

q2
Mαβ

vertex: ð11Þ

This exciting equation relates the metric from classical
general relativity to the scattering amplitude, Mαβ

vertex.

Although expected to hold to all orders in GN we only
verify it to one-loop order in this article.
While both the vertex function and the graviton propa-

gator depend on ξ, the metric does not. This is due to
the Einstein field equations combined with the gauge
condition Gσ ¼ 0. If we separate the graviton propagator
into two parts independent of ξ, Gμν

αβ ¼ ðGc þ ξGgfÞμναβ, we
find that the following combinations vanish, Ggf τ̃ ¼ 0 and
GcH̃nonlinear ¼ 0, where we have omitted indices. These
two equations correspond to the Einstein field equations
and the gauge condition, respectively, and secure that ξ
disappears from the metric. Using these relations, we get an
expression for hμν independent of ξ in momentum space:

h̃μν ¼
P−1

μναβ

q2

�
κ2

2
τ̃αβ þ 2H̃αβ

nonlinear

�
: ð12Þ

In this equation and in Eq. (11) indices on the propagator
were lowered with the flat space metric.
Let us compare Eq. (12) with the approach in [18].

There, loop corrections to τ̃μν were calculated in D ¼ 4
with the background field method and the metric was
obtained in harmonic gauge by solving the classical
Einstein field equations with the nonlinear harmonic gauge
condition Γσ

μνgμν ¼ 0 which meant that a gauge-dependent
term was added to the energy-momentum tensor. In our
approach the gauge-dependent term is already included in
the amplitude in the form of Hμν

nonlinear and this tensor
exactly corresponds to their gauge-dependent correction
to τ̃μν.
Equation (12) is particularly simple in de Donder gauge

where α ¼ 0. In this gauge
ffiffiffiffiffiffi−gp

Hμν is linear in hμν which
implies that Hμν

nonlinear ¼ 0 so that the second term on the
right-hand side disappears. Thus in the de Donder gauge,
the graviton hμν couples directly to the local energy-
momentum tensor τμν. In general the linear gauge of α ¼
0 is special since, then, the ξ dependence of the graviton
self-interaction vertices disappears. In this case “Landau
gauge” ξ → 0 is possible.
As an example we will first compute the tree-level

contribution to Mμν
vertex from which we derive the first

order correction to the metric. Afterwards we will focus
on the one-loop contribution, where gravitational self-
interactions first appear, which gives the ðGNÞ2 metric
contribution.

A. Tree level: Newton potential
in arbitrary dimensions

As a simple example we compute the first order Newton
correction to the Schwarzschild-Tangherlini metric. This
comes from the tree diagram where a single graviton is
connected to the scalar line. We get, in the classical limit,
iMμν

tree ¼ −iκkμkν, where we have used the same labeling
of momenta as in Fig. 1 and the hϕ2 vertex rule from
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Appendix A and neglected factors of qμ. This amplitude is
independent of the gauge parameters and for τ̃μν we find
to zeroth order that τ̃μν ≈ 2πδðkqÞkμkν. This is indeed
conserved qμτ̃μν ¼ 0 and reproduces, in position space,
the simple energy-momentum tensor of an inertial point
particle. Using Eq. (11) we propagate the tree amplitude
and go to position space to get the Newton potential in
arbitrary dimensions:

hð1Þμν ¼ −
μffiffiffiffiffiffiffiffiffi

−x2⊥
p

D−3

�
ηkμν −

1

D − 3
η⊥μν

�
: ð13Þ

We use the Lorentz covariant notation of Eqs. (9). The
Schwarzschild-Tangherlini parameter μ is

μ ¼ 16πGNm
ðD − 2ÞΩD−2

; ð14Þ

where Ωd−1 is the surface area of a sphere in d-dimensional

space and Ωd ¼ 2
ffiffi
π

p dþ1

Γððdþ1Þ=2Þ. The first order metric in Eq. (13)

agrees with the results in [12,14]. It is independent of both
ξ, as expected, and α since α only enters in the self-
interaction vertices. Also, as expected, it satisfies the gauge
condition Gσ ¼ 0 to first order in GN .

B. One-loop contribution to the metric

The ðGNÞ2 contribution to the metric comes from the
triangle one-loop diagram in Fig. 2. Other one-loop
diagrams do not contribute with nonanalytic classical terms
[2]. First, we will compute the one-loop Feynman diagram
after which we can use Eq. (11) to derive the metric.
Using the Feynman rules from Appendix B including the

three-graviton vertex, Wαβγδμν
h3

ðl;−l − q; qÞ, and the grav-
iton propagator presented in Eq. (7), we get an expression
for the amplitude:

2πδðkqÞiMμν
vertex

¼ 2πδðkqÞ16m
2

κ

Z
dDl
ð2πÞD

1

l2ðlþq⊥Þ2ððlþkÞ2−m2þ iϵÞ
×fαβfγδW

μναβγδ
h3

ðq;l;−l−qÞ: ð15Þ

Here, we have introduced the tensor fαβ which describes
the scalar-graviton vertices contracted with the graviton
propagator:

fαβ ¼
κ2m
2

P−1
αβρσ

kρkσ

m2
: ð16Þ

In this definition we have already made use of two
simplifications due to the classical limit. First, in the
scalar-graviton vertices we can neglect graviton momenta
in comparison to the scalar momentum so that both vertices
are proportional to kρkσ . Second, the momentum dependent
part of the graviton propagator, Gαβρσ, does not contribute
and can be ignored so that we have instead, P−1

αβρσ. This can
be verified by analyzing the corresponding integrals but can
also be understood intuitively. Since scalar-graviton verti-
ces represent energy momentum and are conserved, they
disappear when they are contracted with the momentum of
the graviton propagator.
Also, in Eq. (15) the iϵ prescription should be included in

the graviton propagators. However, as it turns out it is only
significant in the massive propagator.
The triangle loop-integrals relevant for this amplitude

have been treated in detail in [2,11] and are also discussed
in Appendix B. The three-graviton vertex introduces two
graviton momenta in the numerator (qμ or lμ) and we have
then at most two loop momenta in the numerator.
It is found in Appendix B that only the orthogonal part of

the triangle diagrams contribute to the amplitude (orthogo-
nal with respect to kμ). This part can be reduced to a simple
convolution integral which can easily be realized by
rewriting the scalar propagator as follows:

1

ðlþ kÞ2 −m2 þ iϵ
¼ 1

2klþ iϵ
; ð17aÞ

¼ 1

2kl
− i

π

2m
δ

�
kl
m

�
: ð17bÞ

In the first line we have neglected l2 compared to kl due
to the classical limit and in the next line we separate the
expression into real and imaginary parts. It is then shown in
Appendix B that only the imaginary part, i.e. the delta
function, contributes to the amplitude.
In this way we get a simplified expression for the

amplitude:

2πδðkqÞMμν
vertex ¼ −

4

κ

Z
dDl
ð2πÞD

2πδðklmÞfαβ
l2⊥

2πδðkðq−lÞm Þfγδ
ðq⊥ − l⊥Þ2

×Wμν αβ γδ
h3

ðq⊥; l⊥;−l⊥ − q⊥Þ: ð18Þ

Notice that the factors,
FIG. 2. Feynman triangle diagram. The solid line is a massive
scalar and wiggly lines are gravitons.
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2πδðklmÞfαβ
l2⊥

;
2πδðkðq−lÞm Þfαβ
ðq⊥ − l⊥Þ2

; ð19Þ

in the integrand correspond exactly to the first order metric,

hð1Þμν , from Eq. (13) in momentum space. The integral is then

a convolution of two copies of h̃ð1Þμν together with the three-
graviton vertex. Going to position space the convolution
becomes simple multiplication and the two graviton
momenta in the three-graviton vertex correspond to deriv-
atives. In position space the integral in Eq. (18) then
becomes a local, two derivatives, quadratic function of the
first order metric [Eq. (13)]. This is no surprise and we
know what this function is from Eq. (10), i.e. the h2

contribution to the local energy-momentum tensor, τμν,
and Hμν.
We can now compute the amplitude. The triangle

integrals have been reduced to bubble integrals and are
given in Appendix B and the three-graviton vertex is given
in Eqs. (A4). Using the definition of the amplitude in
Eq. (10) we get:

τ̃μν1−loop ¼ −2πδ
�
kq
m

�
κ2m2ΩD−3

ffiffiffiffiffiffiffiffi
−q2

p
D−3

64cosðπ
2
DÞð4πÞD−3

×

�
D− 7

D− 2
ημνk −

ðD− 3Þð3D− 5Þ
ðD− 2Þ2

�
ημν⊥ −

qμqν

q2

��
;

ð20aÞ

H̃μν
1−loop ¼ ακ22πδ

�
kq
m

�
κ2m2ΩD−3

ffiffiffiffiffiffiffiffi
−q2

p
D−3

64 cosðπ
2
DÞð4πÞD−3

×
D − 3

D − 2
Pμν

ρσ
qρqσ

q2
: ð20bÞ

These expressions are Lorentz covariant and valid in
any dimension except for the factor cosðπ

2
DÞ in the

denominator which makes them diverge in odd space-time
dimensions. In principle wewould then have to renormalize
Eqs. (20) in odd D. However, when D > 5 the divergent
term is analytic in qμ and can be ignored in the long-range
classical limit since it describes local effects. In D ¼ 5 the
divergent term has a nonanalytic piece and a logarithm with
an arbitrary scale appears in the metric in position space.
Note, that this discussion concerns Eqs. (20) after dividing
by q2 to get the metric in momentum space. The G2

N
contributions to τμν and Hμν in Eqs. (20) have no divergent
nonanalytic pieces. We will discuss the divergences in
detail in Sec. IV.
Clearly, τ̃μν1−loop is locally conserved which implies that

Ggf τ̃1−loop vanishes as expected from the discussion above
Eq. (12). It is a straightforward check that GcH̃1−loop
disappears as well. This verifies that the metric is inde-
pendent of ξ to second order in GN . At one-loop order Hμν

is linear in α while τμν is independent of α. Going to higher

orders in GN we would expect α to appear to any integer
power in both Hμν and τμν.
The metric in position space is computed with Eq. (11).

A useful formula for the relevant Fourier integrals is
Z

ddq⊥
ð2πÞd e

−ix⊥q⊥ð−q2⊥Þ
n
2 ¼ 2nffiffiffi

π
p d

Γðdþn
2
Þ

Γð− n
2
Þ

1

ð−x2⊥Þ
dþn
2

; ð21Þ

which can be found in e.g. Ref. [12] and which was also
used in Sec. III A. Using this integral and Eqs. (20) we can
go to position space for all D ≠ 5 and for the one-loop
contribution to the metric we get:

hð2Þμν ¼ μ2

r2ðD−3Þ

�
1

2
ηkμν −

ð4α − 3ÞD − 8αþ 5

4ðD − 5Þ
x⊥μ x⊥ν
x2⊥

−
2ð1 − αÞD2 − ð13 − 10αÞDþ 25 − 12α

4ðD − 3Þ2ðD − 5Þ η⊥μν
�
:

ð22Þ
Here, r2 ¼ −x2⊥. The pole in D ¼ 5 makes it evident

that, in this dimension, the amplitude was not regularized
correctly in momentum space. As expected, this metric
satisfies Gσ ¼ 0 to the second order in GN [see e.g.
Eq. (C6) where Gσ is expanded to second order in GN].
In the de Donder gauge where α ¼ 0 we find agreement

of Eq. (22) with [12] in any dimension [21]. For harmonic
gauge α ¼ 1 we know only of any comparison in D ¼ 4
e.g. [19]. For general α we have compared Eq. (22) with a
derivation in Appendix C using only methods from
classical general relativity and we find agreement.
We can choose any value for α and we can e.g. use

this freedom to remove the coefficient of η⊥μν. The special
choice of α ¼ 5

6
removes the pole in D ¼ 5, which will be

explained in the next section.

IV. APPEARANCE OF LOGARITHMS IN THE
PERTURBATIVE EXPANSION

In this section we will focus on the divergences of
Eqs. (20) and how this leads to a logarithmic term in the
metric in D ¼ 5. We will explain why this term appears
and learn that besides D ¼ 5 logarithmic terms are only
expected in D ¼ 4.
The divergence in Eqs. (20) comes from the factor

cosðπ
2
DÞ in the denominator in odd dimensions. To analyze

these divergences we use the dimensional regularization
scheme and take the limit where the dimension goes near
odd integer values, so that D ¼ 5þ 2nþ 2ϵ where n is an
integer and ϵ is infinitesimal. After multiplying Eqs. (20) by
the propagator to get the metric, the pole in ϵ depends on qμ

as ð−q2Þn or

ð−q2Þn−1qσqρ: ð23Þ
These divergencies are analytic in all dimensions D ≠ 5
and here they describe local effects. In D ¼ 5 (i.e. n ¼ 0),
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the term in Eq. (23) has a classical (nonanalytic) piece and
the renormalization process will introduce an arbitrary
parameter in the metric.
In all odd dimensions, after renormalization, the diver-

gent term is removed and a finite classical dependence on
qμ remains. This results in the following prescription in odd
dimensions,

ffiffiffiffiffiffiffiffi
−q2

p
D−3

cosðπ
2
DÞ → ð−1ÞD−3

2
ð−q2ÞD−3

2 lnð−r20q2Þ
π

; ð24Þ

where r0 is an arbitrary scale which is introduced from the
dimensional dependence of GN . With this replacement
Eqs. (20) are finite in all dimensions.
In principle it would be necessary to separate Eqs. (20)

into two expressions for even/odd dimensions before going
to position space. However, all cases but D ¼ 5 can be
treated simultaneously because the analytic functions can
be neglected with dimensionally regularized integrals such
as Eq. (21) which gives the Fourier transform of ð−q2⊥Þn=2.
In this equation it is seen that when n

2
is an integer so that we

are transforming an analytic function, the result is zero (i.e.
there is no long-range contribution although there would be
a nonzero local part).
In Eq. (22) the pole in D ¼ 5 comes from the integral,

Z
dDqδðkqmÞe−iqx

ð2πÞD−1
ΩD−3

ffiffiffiffiffiffiffiffi
−q2

p
D−5

ð4πÞD−3 cosðπ
2
DÞ

qμqν
q2

¼ −
�

2

ΩD−2ðD − 3Þ
ffiffiffiffiffiffiffiffiffi
−x2⊥

p
D−3

�
2

×
1

D − 5

�
η⊥μν − 2ðD − 3Þ x

⊥
μ x⊥ν
x2⊥

�
; ð25Þ

which was not regularized in momentum space to remove
the divergence. We will now compute this integral inD ¼ 5
by using the replacement rule in Eq. (24).
The logarithmic dependence on q2 in Eq. (24) can be

rewritten in terms of powers of q2 with

lnð−q2Þ ¼ 1

ϵ
ðð−q2Þϵ − 1Þ; ð26Þ

where ϵ is infinitesimal. The Fourier integral Eq. (21) can
now be used. Using these tools, we get that in D ¼ 5 the
integral corresponding to Eq. (25) becomes

Z
d5qδðkqmÞe−iqx

ð2πÞ4 lnð−r20q2Þ
qμqν
q2

¼ 1

2π2
ffiffiffiffiffiffiffiffiffi
−x2⊥

p
4

�
η⊥μν − 6

x⊥μ x⊥ν
x2⊥

−
�
η⊥μν − 4

x⊥μ x⊥ν
x2⊥

�
ln

�
−
x2⊥e2γ
4r20

��
: ð27Þ

Here γ is the Euler-Mascheroni constant which can be
removed by a redefinition of the scale, r0. This integral is
responsible for the appearance of a logarithmic dependence
on the radial variable in D ¼ 5.
Using Eq. (27) we can compute the second order metric

in D ¼ 5. After a redefinition of r0 we get:

hð2Þμν ¼ μ2

r4

�
1

2
ηkμν −

2ð6α − 5Þ ln r
r0
− 1

16
η⊥μν

þ
ð6α − 5Þð4 ln r

r0
− 1Þ

8

x⊥μ x⊥ν
x2⊥

�
: ð28Þ

Again, r2 ¼ −x2⊥. We have not found this result in earlier
literature, although a similar situation occurs in D ¼ 4 at
third order in GN in de Donder gauge [3]. In both cases a
logarithmic dependence on the radial coordinate appears.
We will see that exactly in these two cases, this is expected,
and that even to higher orders in GN we would not expect
logarithms to appear in D ≥ 6. The metric in Eq. (28) is in
agreement with the classical derivation in Appendix C.
Note that we can make the logarithm disappear with the

special choice α ¼ 5
6
. The arbitrary scale, however, would

in principle still be there. In analogy, in D ¼ 4 we know
that for α ¼ 1 in harmonic gauge there is no logarithms.
The arbitrary scale corresponds to a redundant gauge

freedom. It is well known from linearized gravity that even
after choosing de Donder gauge, we can still translate the
coordinates with ϵσ as long as it is a harmonic function,
∂2ϵσ ¼ 0. In our situation the relevant coordinate trans-
formation is

xμ → xμ þ β
μ2

r4
xμ⊥ þ � � � ; ð29Þ

which does not change our gauge since ðxσ⊥=r4Þ is a
harmonic function (when r ≠ 0). At higher orders in GN
this coordinate transformation gets corrected which is
indicated by the ellipsis. Choosing β in Eq. (29) appro-
priately makes the coordinate transformation equivalent to
a scaling of the arbitrary parameter r0 → γr0 in Eq. (28).
Thus, the arbitrary parameter in the metric in D ¼ 5 is
unproblematic and is related to the coordinate system not
being completely specified yet.
In arbitrary space-time dimensions the equivalent trans-

formation would be xσ⊥=rD−1 which is a harmonic function
(again, when r ≠ 0). In any dimension we would be able to
introduce an arbitrary parameter with such a transforma-
tion. However, only inD ¼ 4 orD ¼ 5 does this lead to the
appearance of logarithms in the metric. This is due to the
fact that only in these dimensions, such a transformation
would be possible using the dimensions of μ. In D ¼ 5 it is
accompanied by μ2 while in D ¼ 4 we get μ3 so that the
logarithms appear, respectively, at second and third order.
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In other dimensions the transformation would have to be
scaled by fractional powers of μ.

V. CONCLUDING REMARKS

We have analyzed the problem of deriving the
Schwarzschild-Tangherlini metric from scattering ampli-
tudes in detail. We calculated the metric to second order in
GN and verified our general conclusions to this order. These
include that the metric is independent of the covariant
parameter ξ, that it obeys the classical gauge condition
Gσ ¼ 0, and that it simply is the Fourier transform of the
three-point vertex of a scalar interacting with a graviton
after propagation by the graviton propagator.
In D ¼ 5 a logarithmic dependence appeared in position

space analogous to the case in D ¼ 4 at third order in GN
[3]. We analyzed this curious phenomenon in terms of
redundant gauge freedom and coordinate transformations.
This freedom makes it possible to introduce an arbitrary
parameter in any dimension, though only in the two cases
D ¼ 4 and D ¼ 5 does it lead to logarithmic terms in the
metric.
The full all-order expansion of the Schwarzschild-

Tangherlini metric from scattering amplitudes is still to
be performed explicitly. This requires an inductive relation
between the loop amplitudes at different orders. Already
several exciting simplifications are known [2]. A logical
continuation is to analyze the analogous problem for
particles with spin and eventually look at quantum correc-
tions [9,18]. Also, it would be interesting to continue
investigations into solutions in classical general relativity in
perturbative gauges such as the de Donder and harmonic
gauges.
I want to thank Poul Henrik Damgaard and Emil

Bjerrum-Bohr for helpful discussions and comments.
Also, I want to thank the anonymous referee for very
helpful comments and for pointing out a weakness in an
earlier argument regarding the classical equations of
motion and their dependence on ξ.

APPENDIX A: FEYNMAN RULES

The Feynman rules in covariant de Donder–type gauge
are derived in similar fashion as other gauge fixing
procedures such as the background field method in
D ¼ 4 [10,20] and supergravity in de Donder gauge in
arbitrary dimensions [12].

We use the path integral method and expand the metric
around flat space-time gμν ¼ ημν þ κhμν. We raise and
lower all indices in this section with ημν ¼ ημν and use
the tensors Iμναβ and Pμν

αβ introduced under Eqs. (4). The
terms in the action which are relevant for the one-loop
computation are h2, ϕ2, hϕ2, and h3.
We expand the action from Eq. (1) in powers of the

fields:

S ¼ Sh2 þ Sϕ2 þ Shϕ2 þ Sh3 þ � � � : ðA1Þ

The terms, Sh2 , Sϕ2 and Shϕ2 , are relatively simple and can
be written conveniently in position space:

Sh2 ¼
1

2

Z
dDxh;ρμν

�
δρσP

μν
αβ − 2

�
1 −

1

ξ

�
Pμν

ρκPσκ
αβ

�
hαβ;σ ;

ðA2aÞ

Sϕ2 ¼ 1

2

Z
dDxðϕ;νϕ;ν −m2ϕ2Þ; ðA2bÞ

Shϕ2 ¼ −
κ

2

Z
dDx

�
hμνϕ;μϕ;ν −

1

2
hμμðϕ;νϕ;ν −m2ϕ2Þ

�
:

ðA2cÞ

The three-graviton term is more complicated and we will
write it in momentum space:

Sh3 ¼ −
2κ

3

Z
dDq
ð2πÞD

dDlð1Þ
ð2πÞD

dDlð2Þ
ð2πÞD ð2πÞD

× δDðqþ lð1Þ þ lð2ÞÞWμναβγδðq; lð1Þ; lð2ÞÞh̃ðqÞμν h̃
ð1Þ
αβ h̃

ð2Þ
γδ :

ðA3Þ

Here, the superscripts on the gravitons indicate their depend-
ence on momenta. From the tensor,Wμναβγδðq; lð1Þ; lð2ÞÞ, we
can derive the three-graviton vertex rule. We separate the
tensor in two parts,

Wμν αβ γδ ¼ Wμν αβ γδ
ðcÞ þ 1

ξ
Wμν αβ γδ

ðgfÞ ; ðA4aÞ

where, in this expression, we have hidden the momentum
dependence ofWμν αβ γδ.We find it convenient towrite out the
definition of Wμν αβ γδ when it is contracted with two
gravitons as follows:

Wμναβγδ
ðcÞ ðq;lð1Þ; lð2ÞÞhð1Þαβ h

ð2Þ
γδ ¼−

1

2
Qμνϵζ ηθηρσΓκαβ

ρϵζΓ
λγδ
σηθl

ð1Þ
κ lð2Þλ hð1Þαβ h

ð2Þ
γδ

þ1

4
ðIμναβIγδρσ þ IμνρσI

γδ
αβ −2IμνκζI

ζη
αβI

γδ
ηθI

θκ
ρσÞlρð1Þlσð1Þhαβð1Þhð2Þγδ þh1↔ 2i

þ1

2

�
Pμν

γκ ηκθP−1ρσ
δθ þ

1

2ðD−2Þη
ρσIμνγδ −

1

4
ηγδIμνρσ

�
Qρσαβϕϵl

ϕ
ð1Þl

ϵ
ð1Þh

αβ
ð1Þh

γδ
ð2Þ þ h1↔ 2i; ðA4bÞ
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Wμν αβ γδ
ðgfÞ ðq; lð1Þ; lð2ÞÞhð1Þαβ h

ð2Þ
γδ ¼ −

1

2
αPμνρσΓκαβ

ργδqσl
ð1Þ
κ hð1Þαβ h

γδ
ð2Þ þ h1 ↔ 2i

−
1

2
αðΓρμν

καβl
κ
ð2Þh

γδ
ð2Þ þ ηλρΓκμν

λγδqκh
γδ
ð2ÞÞPαβ

ρσh
ð1Þ
αβ l

σ
ð1Þ þ h1 ↔ 2i: ðA4cÞ

The notation h1 ↔ 2imeans that a term should be added
where the subscripts (or superscripts) 1 and 2 are inter-
changed (i.e. on the gravitons and momenta). After these
terms are added the tensors Wμν αβ γδ

ðcÞ and Wμν αβ γδ
ðgfÞ are

simply read off by removing the graviton fields. When
conservation of momentum is enforced, i.e. q¼−lð1Þ−lð2Þ,
the tensors are symmetric in the three graviton indices and
their momenta. In Eqs. (A4) we have introduced two
tensors:

Qμν αβ γδ ¼ ημνPαβγδ − 2Iμν ρσPαβ
ρϕη

ϕϵPγδ
ϵσ; ðA5aÞ

Γραβ
σγδ ¼ Iαβσκ I

κρ
γδ −

1

2
Iαβγδ δ

ρ
σ: ðA5bÞ

Note that Qμν αβ γδ is symmetric when any pair of indices
is exchanged with any other, i.e. μν ↔ αβ, although this is
not evident from its definition in Eq. (A5a).
When Eqs. (A4) are used for the amplitude computation

in Sec. III B the third line of Eq. (A4b) and the second line
of Eq. (A4c) do not contribute. This is related to the
Einstein field equations and the gauge condition Gσ ¼ 0
respectively.
The three-graviton vertex rule is derived from Eq. (A3)

and the ϕ2h vertex from Eq. (A2c):

We get the graviton propagator by inverting the quadratic
operator in the h2 term of the action in Eq. (A2a). In
momentum space, this term reads

Sh2 ¼
1

2

Z
dDl
ð2πÞD h̃ †

μνl2Δ
μν
αβh̃

αβ; ðA6Þ

where the dagger signifies complex conjugation and

Δμν
αβ ¼ Pμν

αβ − 2

�
1 −

1

ξ

�
Pμν

ρκ
lρlσ
l2

Pκσ
αβ; ðA7Þ

is a tensor depending on both the momentum lμ and the
covariant gauge parameter ξ. We invert the tensor and for
ðΔμν

αβÞ−1, we find [as in Eq. (7)]

Gμν
αβ ¼ P−1μν

αβ − 2ð1 − ξÞIμνρκ l
ρlσ
l2

Iκσαβ; ðA8Þ

so that Gμν
αβΔ

αβ
γδ ¼ Iμνγδ . Here, P

−1 is the inverse operator to
P defined in Eq (8).
The structure of these operators can be analyzed by

separating them into parts that are independent of ξ, so that
G¼GcþξGgf and Δ ¼ Δc þ 1

ξΔgf, where we have omit-
ted indices. These parts can be read off from Eqs. (A7) and
(A8). They obey simple identities,

ΔcGgf ¼ ΔgfGc ¼ 0; ðA9aÞ

ΔG ¼ ΔcGc þ ΔgfGgf ¼ I; ðA9bÞ

in which we have left out indices, but matrix multiplication
is understood.
The graviton propagator is then

i
l2 þ iϵ

Gμν
αβ; ðA10Þ

and the scalar propagator i
l2−m2þiϵ.

APPENDIX B: TRIANGLE LOOP INTEGRALS

The integral for the one-loop amplitude in Sec. III B is

Z
dDl
ð2πÞD

fαβfγδW
μναβγδ
h3 ðq; l;−l − qÞ

l2ðlþ q⊥Þ2ððlþ kÞ2 −m2 þ iϵÞ : ðB1Þ

As discussed there, in the classical limit, the massive
propagator can be written as

1

ðlþ kÞ2 −m2 þ iϵ
¼ 1

2klk
− i

π

2m
δ

�
klk
m

�
: ðB2Þ

We want to show that only the imaginary part of Eq. (B2)
contributes to the amplitude. In this equation, the imaginary
part is an even function of lμk while the real part is an odd
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function. We will then show that, ignoring the massive
propagator, the remaining integrand in Eq. (B1) is even
in lμk.
We use Eqs. (A4) for the definition ofWμναβγδ where hð1Þαβ

and hð2Þγδ both correspond to fρσ and lð1Þ corresponds to l

and lð2Þ to −l − q⊥. There are three combinations of
momenta that occur in the numerator of Eq. (B1), namely:

ðlμð1Þ þ lμð2ÞÞqν⊥; lμð1Þl
ν
ð2Þ þ lμð2Þl

ν
ð1Þ; lμð1Þl

ν
ð1Þ þ lμð2Þl

ν
ð2Þ:

ðB3Þ

First, we see that the graviton propagators are even in lk.
This is certainly so for l2 ¼ l2⊥ þ l2k and also in the case:

ðlþ q⊥Þ2 ¼ ðl⊥ þ q⊥Þ2 þ l2k: ðB4Þ

Here, it is important that the parallel part of q is zero.
For the first case of Eq. (B3) the numerator is indepen-

dent of lμ since,

ðlμð1Þ þ lμð2ÞÞqν⊥ ¼ −qμ⊥qν⊥; ðB5Þ

so that, indeed, the remaining integrand is even in lk.
The two other cases of Eq. (B3) are similar:

lμð1Þl
ν
ð2Þ þ lμð2Þl

ν
ð1Þ

2
¼ −Iμνρσlρkðqσ⊥ þ 2lσ⊥Þ þ ðeven in lkÞ;

lμð1Þl
ν
ð1Þ þ lμð2Þl

ν
ð2Þ

2
¼ Iμνρσl

ρ
kðqσ⊥ þ 2lσ⊥Þ þ ðeven in lkÞ:

It will now be shown that the odd part in lk of these
expressions vanishes. This corresponds to the integral of
q⊥ þ 2l⊥ which must be proportional to q⊥. We contract
the integral with q⊥:

q⊥μ
Z

dDl
ð2πÞD

ðqμ⊥ þ 2lμ⊥Þlνk
l2ðlþ q⊥Þ2ððlþ kÞ2 −m2 þ iϵÞ ðB6aÞ

¼
Z

dDl
ð2πÞD

ððq⊥ þ lÞ2 − l2Þlνk
l2ðlþ q⊥Þ2ððlþ kÞ2 −m2 þ iϵÞ : ðB6bÞ

The integral in the second line does not have any
classical piece and hence the integral vanishes in the
classical limit.
In this way we conclude that only the imaginary part of

the massive propagator contributes to the amplitude. For
reference, we give the full expressions for the triangle
integrals below although, as shown, only the orthogonal
part contributes to the amplitude.

We define the triangle integrals as

I ¼
Z

dDl
ð2πÞD

1

l2ðlþ q⊥Þ2ððlþ kÞ2 −m2 þ iϵÞ ; ðB7aÞ

Iμ ¼
Z

dDl
ð2πÞD

lμ

l2ðlþ q⊥Þ2ððlþ kÞ2 −m2 þ iϵÞ ; ðB7bÞ

Iμν ¼
Z

dDl
ð2πÞD

lμlν

l2ðlþ q⊥Þ2ððlþ kÞ2 −m2 þ iϵÞ ; ðB7cÞ

where in each expression the iϵ prescription should also be
included in the graviton propagators. In the classical limit,
they are given by

I ¼ −
i
4m

ND−1; ðB8aÞ

Iμ ¼ −
i
4m

Nμ
D−1 þ

i
2m2

NDkμ; ðB8bÞ

Iμν ¼ −
i
4m

Nμν
D−1 −

i
4m2

NDðqμ⊥kν þ kμqν⊥Þ: ðB8cÞ

The integral ND−1 is given by

ND−1 ¼
Z

dDl
ð2πÞD 2πδ

�
kl
m

�
1

l2⊥ðl⊥ − q⊥Þ2
; ðB9Þ

and the integrals Nμ
D−1 and Nμν

D−1 are given by the same
expression with lμ⊥ and lμ⊥lν⊥ in the numerator, respectively.
They are evaluated to

ND−1 ¼
ΩD−3

ffiffiffiffiffiffiffiffiffi
−q2⊥

p
D−5

4ð4πÞD−3 cosðπ
2
DÞ ; ðB10aÞ

Nμ
D−1 ¼ −

ND−1

2
qμ⊥; ðB10bÞ

Nμν
D−1 ¼

q2⊥ND−1

4ðD − 2Þ
�
ðD − 1Þ q

μ
⊥qν⊥
q2⊥

− ημν⊥
�
: ðB10cÞ

The function ND is then defined by Eq. (B10a) and is

ND ¼ −
ΩD−2

ffiffiffiffiffiffiffiffiffi
−q2⊥

p
D−4

4ð4πÞD−2 sinðπ
2
DÞ : ðB11Þ

APPENDIX C: CLASSICAL DERIVATION OF
THE SCHWARZSCHILD-TANGHERLINI METRIC

IN DE DONDER–TYPE COORDINATES

We derive the Schwarzschild-Tangherlini metric to
second order in GN in de Donder–type coordinates that
satisfy Gσ ¼ 0 with methods from classical general
relativity. We change coordinates from the standard
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Schwarzschild-Tangherlini metric in spherical coordinates
to new Cartesian-like coordinates which we determine
perturbatively to obey the de Donder–type gauge condition.
The method is analogous to that in Weinberg [19] for
harmonic gauge in D ¼ 4.
In standard coordinates, the Schwarzschild-Tangherlini

metric is given by (see e.g. [14])

dτ2 ¼
�
1 −

μ

Rn

�
dt2 −

1

1 − μ
Rn

dR2 − R2dΩ2
D−2: ðC1Þ

Here n ¼ D − 3 and μ is the Schwarzschild-Tangherlini
parameter from Eq. (14). The Schwarzschild-Tangherlini
metric solves the Einstein field equations in arbitrary
dimensions D.
We change the radial coordinate R into a new one r and

then go to cartesian coordinates with respect to r. We
determine the relationship between r and RðrÞ perturba-
tively so that the Cartesian-like coordinates obey the gauge
condition Gσ ¼ 0. The metric in terms of the new coor-
dinates in the inertial frame of the point particle is

dτ2¼Bdt2−
1

B
dR2

dr2

�
x⃗dx⃗
r

�
2

−
R2

r2

�
dx⃗2−

�
x⃗dx⃗
r

�
2
�
; ðC2Þ

where B ¼ 1 − μ
Rn and r2 ¼ jxj2. We generalize to the

covariant notation of Eqs. (9) and get

gμν ¼ Bηkμν þ R2

r2
η⊥μν þ

�
1

B
dR2

dr2
−
R2

r2

�
x⊥μ x⊥ν
x2⊥

; ðC3Þ

where now r2 ¼ −x2⊥. We expand the Schwarzschild-
Tangherlini radial coordinate R in terms of the new
coordinate r in powers of μ:

R ¼ r

�
1þ a

μ

rn
þ b

�
a
μ

rn

�
2

þ � � �
�
: ðC4Þ

Where a and b are to be determined by the condition
Gσ ¼ 0. As we will see, this expansion is not sufficient
in D ¼ 5 and the coefficient b has to changed
b → b0 þ b1 ln r

r0
. For now we will ignore D ¼ 5 and

continue. Inserting our expansion of R into the metric
Eq. (C3) we get an expansion of the metric depending on
the coefficients a and b:

gμν ¼ ημν þ hð1Þμν þ hð2Þμν þ � � � : ðC5Þ

The gauge fixing function is expanded similarly

Gσ ≈ hð1Þμσ;μ −
1

2
hð1Þμμ;σ þ hð2Þμσ;μ −

1

2
hð2Þμμ;σ

− α

�
hμνð1Þh

ð1Þ
σμ;ν −

1

2
hμνð1Þh

ð1Þ
μν;σ

�
; ðC6Þ

where the first line is the first order term and the second line
the second order term. Perturbatively Gσ ¼ 0 means that
each line vanishes by itself. The first order term of Gσ

determines the coefficient a. We compute hð1Þμν in terms of a

hð1Þμν ¼ μ

rn

�
−ηkμν þ 2aη⊥μν − ð2na − 1Þ x

⊥
μ x⊥ν
x2⊥

�
; ðC7Þ

from which we find the first order gauge condition

hð1Þμσ;μ −
1

2
hð1Þμμ;σ ¼ μ

rnþ1
ð2na − 1Þ x

⊥
σ

r
; ðC8Þ

so that Gσ ¼ 0 means a ¼ 1
2n. Equation (C7) then agrees

with our tree-level result.
Going to second order we find an expression for hð2Þμν in

terms of b:

hð2Þμν ¼ μ2

r2n

�
1

2
ηkμνþ2bþ1

4n2
η⊥μν−

4bþn−2

4n

x⊥μ x⊥ν
x2⊥

�
: ðC9Þ

The second order gauge condition reads

hð2Þμσ;μ −
1

2
hð2Þμμ;σ ¼ α

�
hμνð1Þh

ð1Þ
σμ;ν −

1

2
hμνð1Þh

ð1Þ
μν;σ

�
: ðC10aÞ

For the right-hand side we find

hμνð1Þh
ð1Þ
σμ;ν −

1

2
hμνð1Þh

ð1Þ
μν;σ ¼ −

μ2

r2nþ1

nþ 1

2

x⊥σ
r
; ðC10bÞ

and the left-hand side:

hð2Þμσ;μ−
1

2
hð2Þμμ;σ¼−

μ2

r2nþ1

n2þ1þðn−2Þb
2n

x⊥σ
r
: ðC10cÞ

Combining Eqs. (C10) we determine b to be

b ¼ −ð1 − αÞn2 þ αn − 1

n − 2
: ðC11Þ

We see that b diverges in D ¼ 5, which means our choice
of expansion of RðrÞ must be changed in D ¼ 5. Inserting

b into hð2Þμν in Eq. (C9) produces the same result as our one-
loop computation for D ≠ 5.

1. Appearance of a logarithm in D= 5

In D ¼ 5 it is necessary to generalize the expansion of R
in terms of r. We change Eq. (C4) into

R¼ r

�
1þa

μ

rn
þ
�
b0þb1 ln

r
r0

��
a
μ

rn

�
2

þ�� �
�
; ðC12Þ

where we have let b → b0 þ b1 ln r
r0
. We repeat the analo-

gous steps as above with the new expansion of R. For
example Eq. (C10c) changes into
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hð2Þμσ;μ −
1

2
hð2Þνν;σ ¼ −

μ2

r2nþ1

x⊥σ
r

�
n2 þ 1þ ðn − 2Þb

2n

−
3n − 2

4n2
b1

�
; ðC13Þ

where b ¼ b0 þ b1 ln
r
r0
. The second order gauge condition

Eq. (C10a) becomes

ðn − 2Þb −
3n − 2

2n
b1 ¼ αnðnþ 1Þ − n2 − 1: ðC14Þ

This equation is identical to the one that determined b
above in Eqs. (C10) only that the term with b1 is new and

that b now includes a logarithmic term. For D ≠ 5 we are
forced to remove the logarithmic dependence in b so that
b1 ¼ 0. However, in D ¼ 5 we find that b1 ¼ 5–6α ≠ 0

while both b0 and r0 are arbitrary. We compute hð2Þμν in terms
of b0 and b1 for D ¼ 5

hð2Þμν ¼ μ2

r4

�
1

2
ηkμν þ 2bþ 1

16
η⊥μν −

4b − b1
8

x⊥μ x⊥ν
x2⊥

�
; ðC15Þ

where again b ¼ b0 þ b1 ln
r
r0
. Inserting b1 ¼ 5–6α and b0,

r0 arbitrary produces the same result as our one-loop
calculation for D ¼ 5.
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muñécar, 1995).

[11] A. Cristofoli, P. H. Damgaard, P. Di Vecchia, and C.
Heissenberg, Second-order Post-Minkowskian scattering

in arbitrary dimensions, J. High Energy Phys. 07 (2020)
122.

[12] A. K. Collado, P. Di Vecchia, R. Russo, and S. Thomas, The
subleading eikonal in supergravity theories, J. High Energy
Phys. 10 (2018) 038.

[13] A. Petrov and J. B. Pitts, The field-theoretic approach in
general relativity and other metric theories. A review,
arXiv:2004.10525.

[14] R. Emparan and H. S. Reall, Black holes in higher dimen-
sions, Living Rev. Relativity 11, 6 (2008).

[15] Z. Bern, J. J. M. Carrasco, and H. Johansson, Perturbative
Quantum Gravity as a Double Copy of Gauge Theory, Phys.
Rev. Lett. 105, 061602 (2010).

[16] C. Cheung and M. P. Solon, Classical gravitational scatter-
ing atOðG3Þ from Feynman diagrams, J. High Energy Phys.
06 (2020) 144.

[17] C. Cheung and G. N. Remmen, Twofold symmetries of the
pure gravity action, J. High Energy Phys. 01 (2017) 104.

[18] N. E. J. Bjerrum-Bohr, J. F. Donoghue, and B. R. Holstein,
Quantum corrections to the Schwarzschild and Kerr metrics,
Phys. Rev. D 68, 084005 (2003); Erratum, Phys. Rev. D 71,
069904 (2005).

[19] S. Weinberg, Gravitation and Cosmology: Principles and
Applications of the General Theory of Relativity (John
Wiley and Sons, New York, 1972).

[20] N. Bjerrum-Bohr, J. F. Donoghue, and B. R. Holstein,
Quantum gravitational corrections to the nonrelativistic
scattering potential of two masses, Phys. Rev. D 67,
084033 (2003); Erratum, Phys. Rev. D 71, 069903 (2005).

[21] Note that there is a misprint in the fourth line of their
Eq. (5.34) where ðD − p − 3Þ2 should be replaced by
ðD − p − 3Þ. We thank Paolo Di Vecchia for confirming
this.

GUSTAV UHRE JAKOBSEN PHYS. REV. D 102, 104065 (2020)

104065-12

https://doi.org/10.1103/PhysRevD.7.2317
https://doi.org/10.1103/PhysRevLett.121.171601
https://doi.org/10.1103/PhysRevD.73.104029
https://doi.org/10.1103/PhysRevD.73.104029
https://doi.org/10.1007/JHEP02(2019)137
https://doi.org/10.1007/JHEP02(2019)137
https://doi.org/10.1103/PhysRevLett.121.251101
https://doi.org/10.1103/PhysRevLett.122.201603
https://doi.org/10.1007/JHEP10(2019)206
https://doi.org/10.1103/PhysRevD.100.084040
https://arXiv.org/abs/1911.12775
https://doi.org/10.1007/JHEP07(2020)122
https://doi.org/10.1007/JHEP07(2020)122
https://doi.org/10.1007/JHEP10(2018)038
https://doi.org/10.1007/JHEP10(2018)038
https://arXiv.org/abs/2004.10525
https://doi.org/10.12942/lrr-2008-6
https://doi.org/10.1103/PhysRevLett.105.061602
https://doi.org/10.1103/PhysRevLett.105.061602
https://doi.org/10.1007/JHEP06(2020)144
https://doi.org/10.1007/JHEP06(2020)144
https://doi.org/10.1007/JHEP01(2017)104
https://doi.org/10.1103/PhysRevD.68.084005
https://doi.org/10.1103/PhysRevD.71.069904
https://doi.org/10.1103/PhysRevD.71.069904
https://doi.org/10.1103/PhysRevD.67.084033
https://doi.org/10.1103/PhysRevD.67.084033
https://doi.org/10.1103/PhysRevD.71.069903

