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We show how modern methods can be applied to quantum gravity at low energy. We
test how quantum corrections challenge the classical framework behind the equivalence
principle (EP), for instance through introduction of nonlocality from quantum physics,
embodied in the uncertainty principle. When the energy is small, we now have the
tools to address this conﬂict explicitly. Despite the violation of some classical concepts,
the EP continues to provide the core of the quantum gravity framework through the
symmetry — general coordinate invariance — that is used to organize the eﬀective ﬁeld
theory (EFT).
Keywords: Perturbative quantum gravity; eﬀective ﬁeld theory; general relativity.
PACS Number(s): 04.60.−m, 04.62.+v, 04.80.Cc

The equivalence principle (EP) in some form has been part of the study of gravity
since the initial explorations of Galileo. Whether one is dropping objects of diﬀerent
composition or rolling balls down inclines, the remarkable feature of gravity is that
it acts on all objects universally. Once the force law was understood by Newton,
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it was clear that the mass that enters F = ma, i.e. the inertial mass, had to be the
same as the gravitational mass that appears in the gravitational force.
However, it was at the hands of Einstein that the EP led us to a full theory of
gravity. In 1907, Einstein had his “happiest thought”, noting that an observer in free
fall would not experience the eﬀect of gravity. If the gravitational force can locally
be removed by a choice of coordinates, then perhaps it should not be considered to
be a force at all, but rather the manifestation of a curved spacetime. This reasoning
had several consequences. If curved spacetime describes the manifestation of gravity,
then particle motion in this setting would be described by geodesics. Also, the EP
requires that gravity involves the total energy and momentum, not just the mass.
If the free falling observer feels no gravity, then binding energies and the energy
of photons also must gravitate — after all we have E = mc2 and this leads to
energy and momentum being the source of gravity. Even technical aspects such
as the fact that covariant diﬀerentiation in a curved spacetime must satisfy the
metricity condition Dα gµν (x) = 0 follow from the fact that the EP allows a locally
ﬂat coordinate system. It seems that all of the ingredients of general relativity can
be traced back in one way or another to the EP.
Of course, having been led to general relativity by these conceptual considerations, we can look back and ask — what exactly is this equivalence principle? There
are many answers and diﬀerent versions of what one mean by the equivalence principle1 — the weak equivalence principle, the strong equivalence principle, etc. In the
end, we cannot claim one single formulation of the EP. However, certain operational
consequences are clear. Tests of the composition dependence of gravity must lead to
null results. Such experiments have been performed and lead to stringent bounds on
EP violation at the 10−12 level,2 with signiﬁcant future improvements underway.3
Massless particles in general relativity must all move along null geodesics. General
coordinate changes must be able to remove the eﬀects of gravity in an inﬁnitesimal
local region.
In February 1927, sitting in his third ﬂoor oﬃce at Niels Bohr’s institute, Werner
Heisenberg had an equally fundamental thought — the uncertainty principle. Particles and events cannot be arbitrarily well localized. Low energy propagation is
inherently spread out. The uncertainty relation ∆x ∆p ≥ /2 is a fundamental
property of quantum mechanics. In quantum mechanics, point particles are replaced
by waves and the probabilistic interactions are obtained by computing transition
amplitudes.
Obviously these two principles clash. If particles cannot be localized, how can a
particle be contained in a locally ﬂat region without gravity? How can a geodesic
even be deﬁned if the particle samples are more than one unique spacetime trajectory? Quantum physics require processes with the emission and absorption of
quanta, and in such processes, virtual massless particles such as the photon can
propagate long distances, so what is the spacetime point relevant for the quantum
interaction? Even worse, since gravity itself must be subjected to quantum physics
and the uncertainty principle, are there not ﬂuctuations in spacetime itself? These
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are questions that make your head hurt! But it seems quite plausible that the
EP given the quantum uncertainty principle, should be understood in a somewhat
broader context.
The point of this essay is that we now have the tools to address and answer
these questions through remarkable advances in both conceptual understanding and
calculational capabilities. The derived quantum eﬀects are in ordinary situations
exceptionally tiny but nonlocal, thus allowing us to probe the concepts of the EP
in a quantum world.
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1. Gravitons and Their Fluctuations
When we talk about “spacetime ﬂuctuating”, we really mean that the metric gµν (x)
is the actor. Its dynamics is given by the Einstein–Hilbert Lagrangian
√
1
−gR,
(1)
L=
16π 2 GN
where GN is Newton’s constant. The coordinates are arbitrary markers delineating
spacetime, but the metric itself is the ﬁeld variable. Classical gravitational waves,
which we hope will soon be detected, are wavelike solutions to Einstein’s equations
for the metric. When quantum physics is considered, these waves become quantized,
carrying energy ω and spin ±2. The quantization procedure was carried out
by Feynman and DeWitt in the 1960’s. By modern standards, the quantization
itself is not problematic. However, subsequent investigations showed that the highenergy behavior of quantum corrections did not resemble that of renormalizable
ﬁeld theories. The resulting program searching for a consistent high-energy theory
of quantum gravity continues to this day.
The most important point for our purpose is that the not-yet-known high-energy
parts of quantum general relativity are not relevant for a discussion of the violation
of the equivalence principle at ordinary energies. Indeed, it is Heisenberg who comes
to our rescue in this regard. High-energy ﬂuctuations become essentially local in
spacetime. The uncertainty principle tells us that such quantum eﬀects cannot
propagate far, since ∆x, ∆t ∼ /∆E and this is seen in explicit calculations. As
we will describe more fully below, the one loop eﬀects of pure gravity or of matter
have a high-energy divergence proportional to the local Lagrangian4
∆L = c1 Rµν Rµν + c2 R2 .

(2)

This result is local and is fully invariant under general coordinate transformations,
and satisﬁes the constraints of the EP.
On the contrary, the most nonlocal eﬀects come from the low-energy part of
the theory. Here, we know the particles involved and we know their gravitational
interactions through the coupling of their stress–energy tensor to the metric. They
are the usual massive constituents of matter and the massless ﬁelds mediating
their interactions. At low-energy, a massive object, of mass M , behaves as a classical source interacting gravitationally through the ﬂuctuations of the metric of the
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spacetime fabric. At large distance the spacetime diﬀers from ﬂat space by postNewtonian corrections organized into a power series in the Schwarzschild radius
2GN M/c2 over the distance r
g00 = 1 − 2

G2 M 2
GN M
+ 2 N4 2 + · · · .
2
c r
c r

(3)

Quantum corrections to this metric (in harmonic gauge) arise through the nonlinear
couplings of gravitons emitted by this source, yielding5
62 G2N M
+ ···.
(4)
15π c5 r3
These quantum eﬀects are not sensitive to high-energy gravitational eﬀects because
they arise solely from the quantum uncertainty on the gravitational ﬁeld surrounding the massive source.
The logic described above is that of eﬀective ﬁeld theory (EFT). This technique
provides a method for separating the known low-energy physics from the highenergy physics which may be either unknown or dynamically irrelevant. Indeed
in all of our fundamental theories we expect changes in the theory at the highest
energy. EFT allows us to make reliable predictions using only the low-energy degrees
of freedom and works even for theories that are deemed “nonrenormalizable”. Such
theories can, in fact, be renormalized by including additional local terms in the
Lagrangian, such as the one shown above in Eq. (2) for general relativity.6 But
the divergences and other local eﬀects are not predictions of the EFT — they arise
from the high-energy side where the theory is not reliable. Rather in EFT, we learn
to focus on the predictions that follow from the reliable low-energy end and such
predictions often are nonlocal because of the uncertainty principle.
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δg00 = 

2. Maintaining General Covariance
Reasoning from the EP has also led us to the idea of general covariance. A modern
version of such reasoning might go as follows: From the EP, we have determined
that gravity must couple to total energy and momentum. In a relativistic theory,
this implies that the energy–momentum tensor, or stress–energy tensor, Tµν must
serve as the source of gravity. We have learned from gauge theories that to get a
given current as the source of a ﬁeld, we should gauge the corresponding global symmetry i.e. make it local. Because energy and momentum conservation follows from
invariance under space and time translations, to get Tµν as a source we should make
the space and time transformations local, leading to general covariance. Requiring
such a symmetry leads to general relativity.
Does this aspect of EP reasoning get damaged by quantum eﬀects? Given all
the bad press about the clash between quantum mechanics and general relativity,
one might even expect this result. Indeed, there are more technical reasons for such
worry. When solving the quantum theory, one must “ﬁx the gauge”, which for general relativity implies a constraint on the metric, selecting a subset of all possible
1544013-4
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coordinate choices. Through quantum loops, this might upset the coordinate invariance of the quantum results.
The most straightforward way to see that general covariance survives the quantization process is to use the background ﬁeld method. Here one expands the metric
around a background ﬁeld which is arbitrary aside from being itself a solution to
Einstein’s equations. Since we are interested in the gravitational scattering in a
given classical background (e.g. a black hole or the Sun), it will be suﬃcient to
compute the on-shell scattering amplitudes which lead to gauge-invariant observables without having to deal with the subtleties of deﬁning an oﬀ-shell low-energy
eﬀective action.
3. Scattering Amplitudes
Perturbative calculations in eﬀective quantum gravity directly using Feynman diagrams is an extremely complicated and arduous task and is far more involved and
tedious than for gluon amplitudes in QCD. Luckily, recent years have seen huge
progress in the application of on-shell techniques to compute amplitudes.7 Computing amplitudes in a traditional oﬀ-shell fashion creates a host of contributions
that in the end simply sum up to zero and this is avoided using modern on-shell
unitarity methods. One very powerful character of this method is the reduction
of quantum loop amplitudes to a combination of classical tree-level amplitudes.
Surprisingly, string theory teaches that tree-level gravity amplitudes can be simply computed from gauge theory amplitudes.8 Even more remarkably some gravity
amplitude are simply related to Abelian scalar QED amplitudes.9–11 The graviton
is an ubiquitous particle, being strongly non-Abelian at high-energy, but has long
range (infrared) properties closer to those of a photon.12 Thus, recycling results
from gauge theories using on-shell amplitudes and unitarity, we can directly generate results for gravitational loop amplitudes.13,14 These simpliﬁcations allow an
eﬃcient10 perturbative approach to the post-Newtonian corrections to the gravitational potential and their quantum corrections.15,16 The modern unitarity approach
allows an easy separation of the low-energy contributions and the bad high-energy
behavior. Therefore, there is no need to construct the full amplitude in order to
isolate the long range eﬀects. The results depend only on the low-energy data and
their coupling to the classical background, and provide strong constraints on any
fundamental formulation of quantum gravity.
As a consequence of the relation between gravity and gauge theory amplitudes,
graviton scattering from a massive or a massless particle satisﬁes low-energy theorems similar to those of QED.11 All these simpliﬁcations oﬀer the hope that even
more elementary connections between gravity and gauge theories exist.
4. Quantum Mechanics and the Equivalence Principle
A century ago, with his new theory of general relativity, Einstein derived the bending of light from a geodesic motion in the space curved by the Sun. It is a classical
1544013-5
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result that the tree-level one-graviton exchange reproduces Newton’s force,17 so one
might well wonder about the result of evaluating the long range contribution due
to two-graviton exchange, which is a one-loop eﬀect, between a massless ﬁeld of
energy ω and the Sun of mass M . In the low-energy limit, for small momentum
transfer q 2  −q2 , this scattering amplitude is given by18



−q2
M
1 (M ω)2 κ2
tree+1−loop
4 15
4 15

iMS

+κ
+ κ
log
2

4
q2
512 −q2
512π 2
M




S
−q2
−q2
3
2
4 bu
4
log
log
− κ
+ κ
64π 2
µ2
128π 2
µ2


−q2
M ω i
log
− κ4
,
(5)
2
8π q2
M
where buS a constant depending on the spin S of the massless particle: bu0 = 3/40
and bu1 = −161/120. The ﬁrst line reproduces the leading gravitational potential
as well as its ﬁrst post-Newtonian correction to the gravitational potential in (3)
computed by Einstein a century ago, and therefore satisﬁes the classical equivalence
principle. This was not guaranteed, but this is a consequence of the amplitude computation. The second line gives the quantum corrections to the gravitational interaction between the massless ﬁeld and the massive source. Part of these corrections
arise from the uncertainty in the ﬂuctuations of the virtual massless particles and
gravitons. But there exists as well a dependence on the spin of the massless particle
through the coeﬃcient buS due to the delocalized nature of a massless ﬁeld, which
induces tidal like eﬀects. Of course, this eﬀect does not necessarily lead to a violation of some versions of the EP, in that such eﬀects are nonlocal in nature. However,
it emphasizes the feature that our classical notions of gravity are scrutinized here
and should be reconsidered in the new computational window.
We have observed some of the same type of eﬀects relating to the bending of light
in the case of a very light charged particle in a loop.19 Again the particle propagates
a long distance, and this provides a nonlocal modiﬁcation to the energy–momentum
tensor of the photon. In this case, the helicity conserving amplitude of a photon
scattering at small momentum transfer becomes
 2 

q
β (s,f )
(κM ω)2
ln
1
−
(1 + cos θ),
(6)
M(++) = M(−−) 
2
2q
e
m2
where β (s,f ) is the QED beta function for either a scalar or fermion charged particle
in the loop. The ln q2 , term arises from the loop calculation. It corresponds to the
nonlocal eﬀect and, if translated into a naı̈ve bending angle using the formalism of
Ref. 18 would result in
8GN M β (s,f )
4GN M β (s,f )
4GN M
+
(ln mb + γE − ln 2) −
.
(7)
θ≈
2
2
c b
c b
e
ω 2 b3
e
It appears that there are two eﬀects here. One is a nonuniversality, similar to our
previous example, in that photons would have a diﬀerent bending angle from other
1544013-6

2nd Reading
November 16, 2015 15:49 WSPC/S0218-2718

142-IJMPD

1544013

Int. J. Mod. Phys. D 2015.24. Downloaded from www.worldscientific.com
by UNIVERSITY OF COPENHAGEN on 02/24/16. For personal use only.

The EP in a quantum world

massless particles. The other is an energy dependence of the bending angle which,
however, could be a consequence of a too naı̈ve use of the formalism of Ref. 18.
It would be interesting to further explore this eﬀect in a full quantum mechanical treatment. Both of the above examples clearly demonstrate the challenges to
classical concepts like geodesics in a quantum world.
Classical descriptions of the EP use the notion of a test particle — a particle
with no spatial extent which does not disturb the background geometry. Quantum
mechanics and the uncertainty principle tell us that there is intrinsically no such
thing as a test particle. The quantum eﬀects described above are not optional
and cannot be removed. Moreover, these are not Planck scale eﬀects as one might
naı̈vely suppose in quantum gravity. They come from the propagation of the lightest
particles at low-energy. It is also notable that we have now learned how to reliably
calculate such properties even for the low-energy limit of quantum gravity.
5. A Quantum Role for the Equivalence Principle
The EFT formalism and the explicit calculations that we have described elucidate the role of the EP in a world governed by quantum principles. Some of the
classical reasoning of the EP is seen to fail. There exist no point particles anymore because quantum gravitational corrections themselves involve propagation
over long distances. These are not Planck scale eﬀects. Because of the quantum
uncertainty principle, massless particles at low-energy sample regions that depend
only on power-law suppression. The fact that this occurs only at low-energy implies
that the couplings are known from classical general relativity. So overall, we conclude that reasoning with point particles is not valid.
One of the most important concepts to fail under quantum logic is the idea
of geodesic motion. Quantum mechanics is not local enough to describe motion
by a single trajectory in spacetime. This feature appears intuitively obvious when
thinking about the structure of quantum physics. However, it is impressive that
we have theoretical control over the combined quantum mechanics and general
relativity theories when treated at low energies. The quantum corrections are not
large, and for this reason they are calculable in perturbation theory at low-energy.
However, we have seen that general coordinate invariance survives. Even if locations are now somewhat fuzzy because the metric ﬂuctuates, the symmetry survives
in the quantum theory and it is this symmetry that allows us to organize the EFT
systematically at low energies. Even though some classical interpretations of the
EP do not survive the addition of quantum mechanics, we have learned that nevertheless the symmetry implied by the EP still provides the primary organizing
principle of low-energy quantum gravity.
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