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We consider theories with an arbitrary coupling between matter and gravity and obtain the
perturbation equation of matter on subhorizon scales. Also, we derive the effective gravitational
constant Gef f and two parameters Σ and η, which along with the perturbation equation of the matter
density are useful to constrain the theory from growth factor and weak lensing observations. Finally,
we use a completely solvable toy model which exhibits nontrivial phenomenology to investigate
specific features of the theory. We obtain the analytic solution of the modified Friedmann equation
for the scale factor a in terms of time t and use the age of the oldest star clusters and the primordial
nucleosynthesis bounds in order to constrain the parameters of our toy model.
PACS numbers: 04.50.Kd,95.30.Sf,98.80.-k

I.

INTRODUCTION

There is accumulating observational evidence based
mainly on type Ia supernovae standard candles [1] that
the universe has entered a phase of accelerating expansion at a recent cosmological time scale. This expansion
implies the existence of a repulsive factor on cosmological
scales which counterbalances the attractive gravitational
properties of matter on these scales. There have been
several theoretical approaches [2], [3] towards the understanding of the origin of this factor. The simplest such
approach assumes the existence of a positive cosmological
constant which is small enough to have started dominating the universe at recent times. This model provides
an excellent fit to the cosmological observational data
[4] and has the additional bonus of simplicity and a single free parameter. Despite its simplicity and good fit
to the data, this model fails to explain why the cosmological constant is so unnaturally small as to come to
dominate the universe at recent cosmological times, a
problem known as the coincidence problem and there are
specific cosmological observations which differ from its
predictions [5],[6].
In an effort to address this problem two classes of models have been proposed: The first class assumes that
general relativity (GR) is a valid theory on cosmological scales and attributes the accelerating expansion to a
dark energy component which has repulsive gravitational
properties due to its negative pressure. The role of dark
energy is usually played by a minimally coupled to gravity scalar field called quintessence[7]. Alternatively, the
role of dark energy can be played by various perfect fluids (e.g., Chaplygin gas [8]), topological defects [9], holographic dark energy [10], etc. The second class of models
attributes the accelerating expansion to a modification of
general relativity on cosmological scales which converts
gravity to a repulsive interaction at late times and on cos-
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mological scales. Examples of this class of models include
scalar-tensor theories[11, 12],[13], f (R) modified gravity
theories[14], braneworld models [15], etc.
Of these examples, f (R) theories have received much
attention mainly due to the fact that they can provide a
more natural explanation of the accelerating expansion
of the Universe. At the same time many of these are able
to satisfy the solar system constraints, see, for example,
Ref. [16], and this is done without the introduction of extra scalar field degrees of freedom, for a review of viable
f (R) gravity models see [17],[18], while for the advantages and the drawbacks of this class of theories see [19]
and [20]. Also, the f (R) theories arise in a wide range of
different frameworks: In quantum field theories in curved
spacetime[21], in the low energy limit of the D = 10 superstring theory[22], in the vacuum action for the grand
unified theories, etc.
Recently another approach was proposed, first in
[23],[24] and later in [25], namely, to add as a nonminimal
coupling to matter a general function of the Ricci scalar.
Such nonlinear couplings of matter were analyzed in the
past [26] in the context of the accelerated expansion of
the Universe and in Refs. [27], [28] it was shown that
these theories do not correspond to scalar-tensor gravity and therefore have a yet unexplored and non-trivial
phenomenology. Furthermore, such theories due to the
explicit nonminimal coupling between the matter content
and gravity have a nonvanishing covariant divergence of
the matter energy-momentum tensor Tµν [29], [30], [31],
which means that there is an energy exchange between
matter and gravity.
In Sec. II we will derive the background equations
of motion for a general Lagrangian density 12 f1 (R) +
G(Lm )f2 (R) and we will discuss some implications about
the possible choices for the matter Lagrangian Lm . Having more than one Lagrangians to describe the same fluid,
e.g. Lm = p or Lm = −ρ for pressureless dust, is not a
problem in GR as all choices will give the same equations of motion, but in theories with a nonminimal coupling, different choices in general will give different phenomenology. Nevertheless, we will choose a Lagrangian
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that depends only on the density Lm = Lm (ρm ) in order to keep the analysis as simple as possible, but quite
general at the same time.
In Sec. III we will derive the matter density perturbation equations for the case that the matter Lagrangian is
a general function of the density ρ. Being able to predict
the evolution of the matter perturbations for such modified gravity models is necessary in order to compare the
theory against the linear growth data. Such data are in
principle able to differentiate between GR and modified
gravity, with the main reasons being the evolution with
time of the gravitational constant [32], [33].
We will also evaluate two parameters η and Σ = q(1 +
η/2) for this particular model, following Refs [34],[35]
where the first quantifies the strength of an anisotropic
stress while in the latter, q quantifies the deviation of the
gravitational constant today. These parameters can be
used to constrain the theory with weak lensing observations and if such surveys measure deviations from GR,
for which (Σ, η)|GR = (1, 0) then those two parameters
could be used to differentiate between modified gravity
and dark energy models.
Finally, in Sec. IV we will use a toy model with Lagrangian density R/2 + (1 + λR)G(Lm ), where G(Lm ) is
and Lm = −ρ. This model
given by G(Lm ) = ALn+1
m
has the energy-momentum tensor of pressureless dust,
but exhibits nontrivial phenomenology compared to its
counterpart from GR. Also, we will present an analytical
solution to the modified Friedmann equation and give the
scale factor a in terms of the cosmic time t. In order to
provide some bounds on the parameters λ and n of our
toy model, we will use the following two observations: the
age of the oldest star clusters and the Big Bang Nucleosynthesis (BBN) bounds on the gravitational constant
GN , which are of the order of 10%.
II.

BACKGROUND EQUATIONS

The action we will consider is


Z
√
1
S = d4 x −g f1 (R) + G(Lm )f2 (R)
2

(2.1)

where g is the determinant of the metric gµν and fi =
fi (R), i = 1, 2 are arbitrary functions of the Ricci scalar
R, while G(Lm ) is an arbitrary function of the matter
Lagrangian density Lm . We use the metric signature
(−, +, +, +).
Varying the action with respect to the metric gµν we
obtain the field equations as
1
[F1 (R) + 2G(Lm )F2 (R)] Rµν − f1 (R)gµν +
2
+ [gµν  − ∇µ ∇ν ] (F1 (R) + 2G(Lm )F2 (R)) −
−gµν f2 (R) [G(Lm ) − K(Lm )Lm ] =
= f2 (R)K(Lm )Tµν
(2.2)
where Fi = ∂fi /∂R, i = 1, 2, Rµν is the Ricci tensor and
K(Lm ) = ∂G(Lm )/∂Lm . When f1 (R) = f (R), f2 (R) =

1 and G(Lm ) = Lm then we recover the field equations
for f (R) gravity.
Finally, we have defined the energy-momentum tensor
of the matter as
√
2 δ( −gLm )
(2.3)
Tµν = − √
−g
δg µν
Assuming that the matter Lagrangian density Lm depends only on the metric and not on it’s components,
we obtain Tµν = Lm gµν − 2∂Lm /∂g µν . In what follows we will assume that the matter Lagrangian is an
arbitrary function of the energy density ρ only, so that
Lm = Lm (ρ). Then the energy-momentum tensor can be
written as


dLm µ ν
dLm
T µν = −ρ
g µν
(2.4)
u u + Lm − ρ
dρ
dρ
where the four-velocity uµ = dxµ /ds satisfies the condition uµ uµ = −1. In deriving Eq.(2.4) we have used
Eq.(2.3), the relation δρ = 21 ρ(gµν + uµ uν )δg µν and
the conservation of the matter current ∇ν (ρuν ) = 0.
Note that the difference in the sign of the first term between our Eq.(2.4) and the corresponding one of Ref.[31]
is due to the difference in the normalization condition,
uµ uµ = −1 for us.
In general the Lagrangian of a perfect fluid (on shell)
is equal to the pressure Lm = p, ie for dust it is equal to
zero. However, this is not the only choice as the Lagrangian Lm = −ρ also reproduces the same energymomentum tensor Tµν = ρuµ uν . This is not a problem in GR as both choices give the same equations of
motion, but in theories with a nonminimal coupling, different choices give different phenomenology. This might
be a problem since our choice for the Lagrangian becomes physically meaningful without having any criteria
for choosing it, besides the observations of course.
This fact has created some debate on the literature
lately [27],[29],[30] regarding which is is the best choice
for the Lagrangian Lm for the perfect fluid. Nevertheless,
we choose a Lagrangian that depends only on density
Lm = Lm (ρm ) in order to keep the analysis as simple as
possible but quite general at the same time.
In a flat Friedmann-Robertson-Walker metric with a
scale factor a(t), we obtain the background (zero-order)
equations:
3 [F1 + 2GF2 ] H 2 = f2 Kρm +
−f2 (G − KLm ) − 3H

1
[(F1 + 2GF2 ) R − f1 ]
2

d
(F1 + 2GF2 )
dt

− 2 [F1 + 2GF2 ] Ḣ = f2 Kρm +
 2

d
d
+
[F1 + 2GF2 ]
−H
dt2
dt

(2.5)

(2.6)

where H = aȧ , R = 6(2H 2 + Ḣ) and a dot represents a
derivative with respect to the cosmic time t.
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In order to get the evolution equation for the ideal fluid
we take the covariant divergence of Eq. (2.2) and by
using the purely geometrical identities [36]: ∇µ Gµν = 0
and (∇ν − ∇ν )F = Rµν ∇µ F we get[31]
µ

µ

∇ Tµν = (gµν Lm − Tµν )∇ ln(f2 K)

(2.7)

Next, we write δF1 and δF2 as
δFi = Fi,R δR

where i = 1, 2, the comma denotes derivative with respect to the Ricci scalar R and δR, under the subhorizon
approximation, is given by:

For the case at hand (2.7) gives
ρ̇m

−3K[f2Hρm + 2F2 (Lm + ρm )(4H Ḣ + Ḧ)]
=
(2.8)
f2 (K + (Lm + ρm )K ′ (Lm )L′m (ρm ))

where the prime denotes differentiation with respect to
the particular argument, i.e., K ′ (Lm ) = ∂K/∂Lm while
L′m (ρm ) = ∂Lm /∂ρm . Obviously, when G = Lm and
f2 (R) = 1 we recover the usual energy conservation equation of GR and f (R) theories.

III.

PERTURBATION EQUATIONS

We will consider the following perturbed metric with
scalar metric perturbations Φ and Ψ in a longitudinal
gauge:
ds2 = −(1 + 2Φ)dt2 + a(t)2 (1 − 2Ψ)δij dxi dxj

(3.1)

The energy-momentum tensor of the nonrelativistic matter is decomposed as T00 = −(ρm + δρm ) and Tα0 =
−ρm υm,α , where υm is a velocity potential. The Fourier
transformed perturbation equations are given in the Appendix by Eqs. (A1), (A2), (A3) and (A4).
Next, we define the gauge invariant matter density perturbation δm as
δm ≡

δρm
+ 3Hυ
ρm

(3.2)

δR ≃ −2

(3.3)

Following the approach of Ref. [35], we use a subhorizon approximation under which the leading terms correspond to those containing k 2 and δρm . Terms that
are of the form H 2 Φ or Φ̈ are considered negligible relative to terms like (k 2 /a2 )Φ for modes well inside the
Hubble radius (k 2 ≫ a2 H 2 ). Under this approximation
Eqs. (A3),(A4) and (3.2) yield a second order differential
equation for δ, given in the Appendix by Eq. (A5).
Equation (A5) compared to the corresponding one of
GR or f (R) theories (see for example [35], [37], [38]) has
an extra term which is a function of the matter content
of the theory. This fact, as we will see in what follows,
will force Newton’s constant Gef f to be dependent on
the matter content, something which is in sharp contrast
with f (R) theories, but not scalar-tensor gravity where
Gef f may depend on the scalar field φ through it’s nonminimal coupling F (φ).

k2
(2Ψ − Φ)
a2

(3.5)

Making these substitutions and using the subhorizon
approximation in Eqs. (A1) and (A2) we get a set of
equations for Φ and Ψ given by Eqs. (A6) and (A7).
The next step is to express Φ and Ψ in terms of δm . This
can be done by solving the system (A6) and (A7) for Φ
and Ψ. Doing so we find Φ and Ψ under the subhorizon
approximation, given by Eqs. (A8) and (A9).
From the equation for Φ (A9) we can define a Poisson equation in the Fourier space and attribute the extra
terms that appear on the right-hand side to an effective
gravitational constant Gef f . Doing so, we get the gravitational potential
Φ = −4πGef f

a2
δ m ρm
k2

(3.6)

where Gef f is given by (A10).
Hence, the equation of matter perturbations (A5) can
be written compactly as
δ̈m + 2H δ̇m − 4π(Gef f + β)ρm δm ≃ 0

(3.7)

where the parameter β, after using Eqs. (A8) and (A9),
is given by (A11). As it can be seen from Eq. (A11) in
the minimal coupling case [f2 (R) = 1 and G(Lm ) = Lm ]
we get the expected result β = 0.
We also define two parameters η, which characterizes
the strength of the anisotropic stress

where
υ = aυm

(3.4)

η≡
2

Φ−Ψ
Ψ

(3.8)

and q via ak2 Ψ = −4πG0 qρm δm , where G0 is the value of
the gravitational constant measured by the solar system
experiments today. Then these two parameters are given
by Eqs (A12) and (A13).
In order to confront the modified gravity models with
weak lensing observations it is necessary to calculate the
potential ΦW L that characterizes the deviation of light
rays. Under the assumptions that photons follow null
geodesics and that the geodesic deviation equation holds,
the lensing potential is ΦW L ≃ Φ + Ψ; see Ref. [39] for
a quick derivation and a discussion. However, in theories with nonminimal coupling to matter this might not
always be the case. In Ref. [27] it was shown that for theories with Lagrangian f1 (R)/2 + (1 + λf2 (R)) Lm , nonminimal coupling corrections to the Maxwell equations
which would otherwise affect standard optics, can actually affect only long, compared to the radius of the curvature of spacetime, wavelengths. When this is not the
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case, i.e. we consider the high-frequency limit, photons
are transverse and propagate along null geodesics.
Having this in mind, we define a combination of parameters Σ = q(1 + η/2), for which
ΦW L ≃ Φ + Ψ = −8πG0

a2
ρm δ m Σ
k2

(3.9)

where the explicit form of Σ is given by Eq. (A14).
Again, in the case of the minimal coupling [f2 (R) = 1
and G(Lm ) = Lm ] we get the expected result for Σ:
ΣfR =

1
8πF G0

2

(3.11)

where
RF,R
F

also the anisotropic parameter η defined in (3.8) and
given by (A12) becomes
2

η=

2 ak2 R m
2

1 + 2 ak2 R m

(3.12)

with both equations, (3.11) and (3.12), being in agreement with the standard results from f (R) gravity [35].
IV.

A TOY MODEL

As an example we will now consider the case where
we have the Lagrangian of GR plus a specific nonminimal coupling of gravity to pressureless dust. Specifically, for our toy model we will assume that f1 (R) = R,
f2 (R) = 1 + λR, Lm (ρ) = −ρ and G(Lm ) = AL1+n
m ,

(4.1)

where the derivatives are written in terms of the scale
factor a and we have defined ρ(a) ≡ 3H02 Ω(a).
Equation (4.1) can as usual be solved for Ω(a) and with
initial conditions Ω(1) = 1 we get
Ω(a) =

1 1 + 4 ak2 R m
=
8πF 1 + 3 ak22R m

m≡

3Ω(a) + aΩ′ (a) = 0

(3.10)

which agrees with the result of Refs. [35],[34] for simple
f (R) theories. We should remind the reader here that
the formulas derived for the weak lensing potential have
been derived under the assumption that light travels in
null geodesics, which may be the case only for certain
models and in the high-frequency limit.
Therefore, this class of theories may have non-trivial
effects on the weak lensing that could potentially be observable. However, this would also require one to work
out the most general case for the relation between the
lensing potential and the metric perturbations. Since
this is beyond the scope of this analysis, we have left the
most general case for future work.
In order to recover f (R) gravity for all the results
we have mentioned, we only have to set f1 (R) = f (R),
f2 (R) = 1, and G(Lm ) = Lm . This means that F2 (R) =
0, K(Lm ) = 1, and K ′ (Lm ) = 0. Then, for example, Eq.
(A10) yields
Gef f

where λ, A and n are constants. From Eq. (2.4) we
see that the energy-momentum tensor then is given by
Tµν = ρuµ uν as usual. The modified Friedmann and
continuity equations can easily be found from Eqs. (2.5)
and (2.8). For the continuity equation we find

1
a3

(4.2)

For the modified Friedmann we find, after using (4.2)
H(a)2 =

(−3)n H02n+2 A
(4.3)
2(−1)n 3n+1 A(3n + 2)λH02n+2 + a3n+3

By demanding that H(1) ≡ H0 we can solve for A and
after substituting back to the previous equation we find
H(a)2 =

a3n+3

(1 −

6H02 (3n

H02
(4.4)
+ 2)λ) + 6H02 (3n + 2)λ

Obviously, when λ = 0 and n = 0 we get the usual,
from GR, Friedmann equation for a matter dominated
universe. If we expand (4.4) for λ ≪ 1 we get
H(a)2 ≃ H02 [a−3(n+1) +


6a−6(n+1) a3n+3 − 1 H02 (3n + 2)λ + O λ2 ](4.5)

Thus, when λ ≪ 1 such models can be thought of as a
sum of ideal fluids with the first term being attributed
to a matter fluid component with constant equation of
state w = n, while the second to a dark energy fluid with
variable equation of state w = w(z).
We can use Eq.(4.4) to solve for a(t) in terms of the
cosmic time t with the initial condition a(t0 ) = 1, where
t0 is the present time (the age of the universe). Doing so
we find a(t) in implicit form:

a(t)3n+3 m 3 F2 21 , 1, 1; 2, 2; −a(t)3n+3m
√
t=
(4.6)
m + 1(6n + 6)
1−6H 2 (3n+2)λ

0
where m = 6H 2 (3n+2)λ
and 3 F2 is a hypergeometric
0
function. Then the age of the universe is

m 3 F2 12 , 1, 1; 2, 2; −m
√
t(a = 1) ≡ t0 =
(4.7)
6H0 m + 1(n + 1)

Demanding that the universe should be at least old
enough to accommodate the oldest star clusters [40], then
it is necessary to have t0 > 12Gyr. Equation (4.7) also
implies that λ and n should satisfy certain conditions in
order to have a real value for t0 . Specifically, we find
that these conditions are λ > 0 and n > − 23 or λ < 0
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combine the two constraints there is no allowed parameter space at all for our model, there are actually values for (n, λ) that satisfy both observational constraints,
e.g. (n, λ) = (−2/3, 0.015873), but they require extreme
fine-tuning to achieve agreement with the observations
and some of these values exhibit unphysical behavior for
Gef f at early times, such as singularities. Therefore we
may conclude that our simple toy model is in some stress
with observations as the allowed parameter space is very
small and even then for some of the allowed parameter
values, the model may exhibit unphysical behavior. This
of course does not mean that the whole class of theories
with a nonminimal coupling is problematic, as one may
well choose more suitable forms of the functions f1 (R),
f2 (R) and G(Lm ) that satisfy both observational constraints.
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CONCLUSIONS

-0.2

n

We derived the matter density perturbation equation
and the effective gravitational “constant” Gef f for the
action (2.1). Our analysis covers f (R) models with an
arbitrary coupling of the matter content to gravity for
any matter Lagrangian that depends on the fluid density
Lm = Lm (ρm ). In order to recover the ideal pressure2
and n < − 3 . In Fig. 1 we show the allowed parameter
less fluid we chose Lm = −ρ. Having chosen some other
space of (n, λ) such that t0 > 12Gyr. As it can be seen
dependence for the Lagrangian our results would be diffrom the embedded plot there is an upper limit to n that
ferent since the equations of motion depend explicitly on
2
corresponds to λ = 0 and t0 = 3(n+1)H0 , with the latter
the choice of the Lagrangian. As we have mentioned eargiving n < −0.256 after we use the bound t0 > 12Gyr.
lier, having more than one Lagrangian to describe the
Next we will use the primordial nucleosynthesis (BBN)
same fluid, eg Lm = p or Lm = −ρ for pressureless dust,
constraints on the variation of the gravitational constant
is not a problem in GR as all choices will give the same
to further constrain the parameters λ and n. The effect of
equations of motion, but in theories with a nonminimal
the variation of Gef f can be constrained from BBN to be
coupling, different choices in general will give different
of the order of 10%, see for example Ref. [41] which gives
phenomenology.
GBBN
= 1.09±0.22
0.19 . The effective gravitational constant
G0
We also evaluated two parameters η, which quantifies
Gef f can be calculated from (A10) by using (4.2) and
the strength of an anisotropic stress, and Σ = q(1 + η/2),
(4.4). If we set Gef f (a = 1) ≡ G0 then the gravitational
where q quantifies the deviation of the gravitational conconstant is given by Eq. (A15).
stant today. These parameters can be used to conFirst, we will consider the following two cases, for λ = 0
strain the theory with weak lensing observations and
and n = 0. In the first case the gravitational constant is
if such surveys measure deviations from GR, for which
simply given by Gef f = G0 a−3n and by using the BBN
(Σ, η)|GR = (1, 0) then those two parameters could be
constraint of Ref. [41] we find −0.0018 < n < 0.0045
used to differentiate between modified gravity and dark
while in the second case by using a series expansion for
energy models.
small λ, which is to be expected from the Solar System
Finally, we used a toy model with Lagrangian dentests, we find
sity R/2 + (1 + λR)G(Lm ), where G(Lm ) is given by
G(Lm ) = ALn+1
and Lm = −ρ. This model has the


m
2
2

9
−
2ak
/H
0
2
2 energy-momentum tensor of pressureless dust, but ex2
2
− 9 H0 λ+O λ
Gef f /G0 = 1+ 2k /H0 +
a3
hibits nontrivial phenomenology compared to its coun(4.8)
terpart from GR. We presented an analytical solution to
In this case using the BBN constraint we get −8.9 ·
the modified Friedmann equation and gave the scale fac10−29 < λH02 < 2.8 · 10−28 . In the general case, the
tor a in terms of the cosmic time t. However, our toy
allowed parameter space, shown in Fig. 2, is rather
model is in some stress with observations as the allowed
complicated. When n > 0 then λ is constrained to be
parameter space is very small. In order to have an old
−2.8 · 10−27 < λH02 < −1.8 · 10−27 , while when n < 0 we
enough universe, so as to accommodate the oldest obcannot give a bound for λ in closed form.
served clusters, the required values for λ are much larger
than those allowed by the BBN constraints (see Figs. 1
It should be noted that while it seems that when we
FIG. 1: The allowed parameter space of (n, λ) such that t0 >
12Gyr, where λ is in units of 1/H02 . The embedded plot shows
the region around λ ≪ 1 near the upper bound for n.
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FIG. 2: Left: The evolution of the effective gravitational constant Gef f /G0 for λ = 10−29 and various values of n. Right: The
δG f
is within the 1σ of the nucleosynthesis bounds. (λ is in units of 1/H02 .)
allowed parameter space such that Gef
0

and 2). However, this fact should be interpreted with
care since Ref. [41] used a simple modification of the
Friedmann equation to derive the BBN constraints we
used. A full analysis of the implications of modified gravity models with arbitrary coupling between matter and
geometry during nucleosynthesis was beyond the scope
of this analysis and is left for future work.
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APPENDIX A: THE PERTURBATION
EQUATIONS

−f2 Kδρm − 3(δF1 + 2GδF2 )Ḣ + 6F2 K Ḣ(2Lm Φ + 2ρm Φ − δρm L′m (ρm ))
−f2 δρm (Lm + ρm )K ′ (Lm )L′m (ρm ) − 3H 2 (δF1 + 2(F1 Φ + G(δF2 + 2F2 Φ) + F2 K(−4(Lm + ρm )Φ
k2
+δρm L′m (ρm )))) − 3 2 H 2 (δF1 + 2(−F1 Ψ + G(δF2 − 2F2 Ψ) + F2 K(ρm − Lm (Φ − 2Ψ)
a
+δρm L′m (ρm )))) − 3(F˙1 + 2GF˙2 + 2F2 KL′m (ρm )ρ˙m )Ψ̇ + 6F2 K(Lm + ρm )Ψ̈
+3H(−2Φ(F˙1 + 2GF˙2 + 2F2 KL′ (ρm )ρ˙m ) + 2F2 δρm L′ (ρm )2 ρ˙m K ′ (Lm ) + δF˙ 1 + 2GδF˙ 2 −
m

m

2(F1 + 2F2 G)Ψ̇ + 2K(δF2 L′m (ρm ) + δρm (F˙2 L′m (ρm ) + F2 ρ˙m L′′m (ρm ))
+F2 (L′ (ρm )δρ˙m + (Lm + ρm )(Φ̇ + 4Ψ̇)))) = 0
m

Φ−Ψ+

δF 1 + 2G (Lm ) ((Φ − Ψ)F2 + δF 2 ) + 2K (Lm ) F2 δρm L′m (ρm )
=0
F1

(A1)

(A2)

7



k2
−δρ˙m − 3Hδρm + ρ 3Ψ̇ − υm = (−6a2 (Ḧ + 4H Ḣ)F2 δf2 (Lm + ρm )K 2 − f2 (2F2 (12H 2 Φ̇(Lm + ρm )a2
a
∂3Ψ
+3((Lm + ρm )(2ΦḦ + Ḣ(3Φ̇ + 4Ψ̇) + 3 ) − Ḧδρm (L′m (ρm ) + 1))a2 − k 2 (Φ̇ − 2Ψ̇)(Lm + ρm )
∂t
+H(−12Ḣδρm (L′m (ρm ) + 1)a2 + (3(Φ̈ + 4Ψ̈)a2 − 4k 2 Ψ + 2Φ(12Ḣa2 + k 2 ))Lm + (3(Φ̈ + 4Ψ̈)a2
−4k 2 Ψ + 2Φ(12Ḣa2 + k 2 ))ρm )) − a2 δf˙ 2 (Lm + ρm ))K 2 + a2 f 2 (K(δρ˙m (Lm + ρm )K ′ (Lm )L′ (ρm )
2

m

+ρ˙m δρm ((Lm + ρm )K ′′ (Lm )L′m (ρm )2 + K ′ (Lm )(L′m (ρm )2 + L′m (ρm ) + (Lm + ρm )L′′m (ρm ))))

−ρ˙m δρm (Lm + ρm )K ′ (Lm )2 L′m (ρm )2 ))/ a2 Kf22 (K + δρm K ′ (Lm )L′m (ρm ))

(A3)

Φρm − a (ρ̇υm + 4Hρm υm + ρm υ̇m ) = (−12H 3 KF2 ρm υm a3 + 6HK(H 2 + Ḣ)F2 ρm υm a3
+ρ̇f2 ρm υm K ′ (Lm )L′m (ρm )a3 + (K(Lm δf2 + 6a(H 3 + 3ḢH + Ḧ)F2 ρm υm )

+f2 Lm δρm K ′ (Lm )L′m (ρm ))a2 )/ a2 f2 (K + δρm K ′ (Lm )L′m (ρm ))

Under the subhorizon approximation the differential

(A4)

equation for the growth of perturbations δ is

k2 Φ k2
− 2 ((Lm (K − δm ρm K ′ (Lm )L′m (ρm ))(f2 δm ρm K ′ (Lm )L′m (ρm )a2
a2
a
+2k 2 K(Φ − 2Ψ)F2 ))/(a2 K 2 f2 ρm )) ≃ 0
δ̈m + 2H δ̇m +

Using the subhorizon approximation in Eqs. (A1) and
(A2), we get a coupled set of equations for Φ and Ψ:
1
(−f2 δm ρm (K + (Lm + ρm )K ′ (Lm )L′m (ρm ))a4
a4
−2k 2 (ΨF1 + F2 (2GΨ + K((Φ − 2Ψ)Lm
+ρm (Φ − 2Ψ − δm L′m (ρm )))))a2
+2(F1,R + 2F2,R G)k 4 (Φ − 2Ψ)) = 0
(A6)

(((Φ − Ψ)F1 + 2F2 (G(Φ − Ψ) + Kδm ρm L′m (ρm )))a2
+2(F1,R + 2F2,R G)k 2 (Φ − 2Ψ))/(a2 F1 ) = 0
(A7)
By solving the system of equations (A6) and (A7) for Φ
and Ψ we find
a2
δm ρm (f2 (F1 + 2GF2 )(K + (Lm + ρm )
k2
′
′
K (Lm )Lm (ρm ))a2 + 2k 2 (−KF2 (F1 + 2F2 (G
+K(Lm + ρm )))L′m (ρm ) + (F1,R + 2F2,R G)f2
(K + (Lm + ρm )K ′ (Lm )L′m (ρm ))))/
(2(F1 + 2GF2 )((F1 + F2 (2G − K(Lm + ρm )))a2
+3(F1,R + 2F2,R G)k 2 ))
(A8)
Ψ=−

(A5)

and
a2
δm ρm (f2 (F1 + 2GF2 )(K + (Lm + ρm )
k2
K ′ (Lm )L′m (ρm ))a2 + 2k 2 (KF2 (F1 + 2F2 (G −
2K(Lm + ρm )))L′m (ρm ) + 2F1,R f2 (K + (Lm + ρm )
K ′ (Lm )L′m (ρm )) + 4F2,R Gf2 (K + (Lm + ρm )
K ′ (Lm )L′m (ρm ))))/(2(F1 + 2GF2 )((F1 + F2 (2G −
K(Lm + ρm )))a2 + 3(F1,R + 2F2,R G)k 2 ))
(A9)
Φ=−

By using (A9) to define a Poisson equation in the
Fourier space we get Gef f

1
(f2 (F1 + 2GF2 )(K + (Lm + ρm )
8π
K ′ (Lm )L′m (ρm ))a2 + 2k 2 (KF2 (F1 + 2F2 (G −
2K(Lm + ρm )))L′m (ρm ) + 2F1,R f2 (K + (Lm + ρm )
K ′ (Lm )L′m (ρm )) + 4F2,R Gf2 (K + (Lm + ρm )
K ′ (Lm )L′m (ρm ))))/((F1 + 2GF2 )((F1 + F2 (2G −
K(Lm + ρm )))a2 + 3(F1,R + 2F2,R G)k 2 ))
(A10)
Gef f =

The parameter β, which corresponds to the last term
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of Eq. (A5), after using Eqs. (A8) and (A9), is given by
1 k2
Lm (f2 (F2 (K 2 + 2GK ′ (Lm )L′m (ρm ))a2
4π a2
+(F1 a2 + 3(F1,R + 2F2,R G)k 2 )K ′ (Lm )L′m (ρm ))

β=

−6k 2 K 2 F22 L′m (ρm )))/(Kf2 ρm (−F1 a2
+F2 (−2G + KLm + Kρm )a2
−3(F1,R + 2F2,R G)k 2 ))

The explicit form of Σ, used to confront the modified
gravity models with weak lensing observations, is given
by

(A11)

The two parameters η and q defined in the main text
are given by
k2
(2KF2 (F1 + F2 (2G − KLm − Kρm ))L′m (ρm )
a2
+(F1,R + 2F2,R G)f2 (K + Lm K ′ (Lm )L′m (ρm )
+ρm K ′ (Lm )L′m (ρm )))/(f2 (F1 + 2GF2 )(K + (Lm + ρm )
K ′ (Lm )L′m (ρm )) + 2k 2 /a2 ((F1,R + 2F2,R G)f2 (K
+Lm K ′ (Lm )L′m (ρm ) + ρm K ′ (Lm )L′m (ρm ))
−KF2 (F1 + 2F2 (G + KLm + Kρm ))L′m (ρm ))) (A12)
η=2

Σ = (f2 (F1 + 2GF2 )(K + (Lm + ρm )K ′ (Lm )L′m (ρm ))a2
+3k 2 ((F1,R + 2F2,R G)Kf2 − (Lm + ρm )
(2K 2 F22 − (F1,R + 2F2,R G)f2 K ′ (Lm ))L′m (ρm )))/

(8G0 π(F1 + 2GF2 )((F1 + F2 (2G − K(Lm + ρm )))a2
+3(F1,R + 2F2,R G)k 2 ))
(A14)

and
1
(f2 (F1 + 2GF2 )(K + (Lm + ρm )
8πG0
K ′ (Lm )L′m (ρm ))a2 + 2k 2 (−KF2 (F1 + 2F2 (G
+K(Lm + ρm )))L′m (ρm ) + F1,R f2 (K + (Lm + ρm )
K ′ (Lm )L′m (ρm )) + 2F2,R Gf2 (K + (Lm + ρm )
K ′ (Lm )L′m (ρm ))))/((F1 + 2GF2 )((F1 + F2 (2G −
K(Lm + ρm )))a2 + 3(F1,R + 2F2,R G)k 2 ))
(A13)
q=

Gef f (a) =

In the case of our toy model of Sec. IV, Gef f can be
calculated by using Eq. (A10) and is given by

G0 (a(18(n + 1)λH02 − 1)(−3λ(9a2 (n + 1) − 8k 2 (3n + 2)λ)H02 (6(3n + 2)λH02 − 1)a3(n+1) +
(a2 − 2k 2 λ)(1 − 6(3n + 2)λH02 )2 a6n+6 + 36(3n + 2)λ2 (a2 (3n + 4) − 2k 2 (3n + 2)λ)H04 ))/
(((6(3n + 2)λH02 − 1)a3n+3 + 6λH02 )(a3n+3 (6(3n + 2)λH02 − 1) − 6(3n + 2)λH02 )2
2k 2
(1 + λ(− 2 + 54(n + 1)(3n + 2)λH02 − 9n + 3)H02 ))
H0
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