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We study electron transport through a serial double quantum dot with Rashba spin-orbit interaction (SOI) and
Zeeman field of amplitude B in the presence of local Coulomb repulsion. The linear conductance as a function
of a gate voltage Vg equally shifting the levels on both dots shows two B = 0 Kondo ridges, which are robust
against SOI as time-reversal symmetry is preserved. As a result of the crossing of a spin-up and a spin-down
level at vanishing SOI, two additional Kondo plateaus appear at finite B. They are not protected by symmetry and
rapidly vanish if the SOI is turned on. Left-right asymmetric level-lead couplings and detuned on-site energies
lead to a simultaneous breaking of left-right and bonding-antibonding state symmetry. In this case, the finite-B
Kondo ridges in the Vg-B plane are bent with respect to the Vg axis. For the Kondo ridge to develop, different
level renormalizations must be compensated by adjusting B.

DOI: 10.1103/PhysRevB.83.115115 PACS number(s): 05.60.Gg, 71.10.−w, 73.63.Kv, 76.20.+q

I. INTRODUCTION

In linear response transport through quantum dots, the spin
Kondo effect shows up as a plateau in the linear conductance
G when varying the level positions by an external gate voltage
Vg , often referred to as a Kondo ridge.1–7 The width of
the Kondo ridge is set by the local Coulomb interaction
U on the dot, which, in the Kondo regime, exceeds the
level-lead hybridization �. The latter determines the width
of the Lorentzian resonance in G(Vg) at U = 0. The breaking
of the two-fold Kramers degeneracy by a local Zeeman field
of amplitude B destroys the Kondo ridge; along the Vg

axis, the conductance plateau is split up into two Lorentzian
resonances. In contrast, spin-orbit interaction (SOI), although
breaking spin-rotational symmetry by designating a certain
(spin) direction, does not destroy the Kondo effect.8–10 In the
presence of SOI, spin is no longer a good quantum number,
but a Kramers doublet remains as time-reversal symmetry is
conserved. This leads to a Kondo effect in the presence of a
local interaction, provided the gate voltage is tuned such that
the dot is filled (on average) by an odd number of electrons
(dominant spin fluctuations).

In multilevel dots, increasing B might lead to energetically
degenerate states (level crossings) resulting from different
orbitals. If one is a spin-up state and one is a spin-down state,
and the gate voltage is tuned such that an electron fluctuates
between these states, one might expect the emergence of a spin
Kondo effect at finite magnetic field.11–13 If the orbital quantum
number is conserved in the leads in such systems, additional
orbital Kondo effects14 and combinations of spin and orbital
Kondo effects15 may appear. Here we consider a setup where
the orbital quantum number does not arise in the leads and
we thus concentrate on spin Kondo effects. In contrast to the
standard B = 0 Kondo effect, the one appearing at finite B is
not protected by time-reversal symmetry and we show that it
is destroyed in the presence of a finite SOI.

Here we study a serial double quantum dot, each having
a single spin-degenerate level (at vanishing magnetic field)
described by a tight-binding model with two lattice sites
coupled by electron hopping of amplitude t and connected

to two semi-infinite noninteracting (Fermi liquid) leads via
tunnel couplings of strength �L and �R . The on-site energies
of the two levels are given by ε1/2 = Vg ± δ. The Rashba SOI
identifies the z direction of the spin space and is modeled as an
imaginary electron hopping with spin-dependent sign between
the two lattice sites.9,16–18 Here we exclusively consider the
coupling of a magnetic field to the spin degree of freedom
(Zeeman term) and neglect its effect on the orbital motion.
The relevant component of the Zeeman field perpendicular to
the SOI defines (without loss of generality) the x direction.
The local Coulomb repulsion is modeled as an on-site U , as
well as a nearest-neighbor U ′ repulsion, and treated within
an approximate static functional-renormalization group (fRG)
approach.19 Our model is sketched in Fig. 1.

In the absence of SOI, a finite-B Kondo effect will lead
to a Kondo ridge. This conductance plateau can be detected
if G is computed (or measured) as a function of Vg and B.
We show that the finite-B conductance plateau develops on
a line parallel to the Vg axis, the only exception being the
case with broken left-right and bonding-antibonding state
symmetry realized for �L �= �R and δ �= 0. In this case,
the finite-B Kondo ridges are bent with respect to the Vg

axis; to follow the conductance maximum when changing
Vg , one has to adjust B to compensate for the asymmetry-
induced level renormalization. As the two symmetries are
generically broken in experimental systems, our results are
important for the understanding of measurements of the linear
conductance of multilevel quantum dots as a function of VG

and B.
This paper is organized as follows. In the next section,

we introduce our double-dot model. In Sec. III details of
the approximate fRG treatment of the Coulomb interaction
specific to the present model are discussed. For later reference,
we also give a brief account of the appearance of the Kondo
ridge for a single dot within our approximation scheme. In
Sec. IV we discuss our results. We first describe the effects of
the SOI on the spectrum of the noninteracting isolated double
dot. Next we present our results for the linear conductance
G(Vg,B) considering the entire parameter space. Our work is
summarized in Sec. V.

115115-11098-0121/2011/83(11)/115115(7) ©2011 American Physical Society

http://dx.doi.org/10.1103/PhysRevB.83.115115


S. GRAP, S. ANDERGASSEN, J. PAASKE, AND V. MEDEN PHYSICAL REVIEW B 83, 115115 (2011)

1ε

ε 2

t R

t L

t−i
U

UU’

ασ

FIG. 1. (Color online) The considered setup consists of a serial
double quantum dot with energies ε1/2 = Vg ± δ coupled by a
hopping amplitude t and a SOI of strength α. The levels are split
by an external Zeeman field B. The local Coulomb interaction is
U and the interaction between electrons on the two sites is U ′. The
system is coupled to noninteracting leads by hopping amplitudes tL/R .

II. MODEL

Our multilevel quantum-dot model is realized by a serial
double dot, each having a single spin-degenerate level (at B =
0) as sketched in Fig. 1. The Hamiltonian of the isolated dot
contains several terms,

Hdot = H0 + HSOI + HZ + Hint. (1)

The free part,

H0 =
∑

σ

[ ∑
j=1,2

εjd
†
j,σ dj,σ − t(d†

2,σ d1,σ + H.c.)

]
, (2)

with d
†
j,σ being the creation operator of an electron on the

dot site j = 1,2 (Wannier states) of spin σ , contains the
conventional hopping t > 0, and the on-site energies

ε1/2 = Vg ± δ, (3)

which can be tuned by an external gate voltage Vg . The
difference of the on-site energies is parametrized by the
level-splitting δ. The effect of SOI is taken into account by
an imaginary hopping amplitude of spin-dependent sign. It is
the lattice realization of a Rashba SOI resulting from spatial
confinement.9,16–18 The Rashba hopping term with amplitude
α > 0 reads

HSOI = α
∑
σ,σ ′

[d†
2,σ (iσz)σ,σ ′d1,σ ′ + H.c.], (4)

with the third Pauli matrix σz. Choosing the z direction in spin
space for the direction of the SOI breaks the spin-rotational
invariance. The Zeeman field can have one component parallel
to the SOI (that is, in z direction) and one perpendicular to
it. For this, here we choose (without loss of generality) the
x direction such that the (local) Zeeman term reads

HZ = B
∑
σ,σ ′

∑
j=1,2

[d†
j,σ (σz)σ,σ ′dj,σ ′sin θ + d

†
j,σ (σx)σ,σ ′dj,σ ′cos θ ].

(5)

For θ = ±π/2, the SOI and the B field are antiparallel. In this
case, the conventional hopping and the SOI can be combined to
an effective hopping and the SOI does not have a specific effect.
In particular, it does not destroy the finite-B Kondo ridges
(see Sec. IV A). The local Coulomb interaction is included by

Hint = U
∑
j=1,2

(
nj,↑− 1

2

)(
nj,↓− 1

2

)
+ U ′(n1− 1)(n2− 1)

(6)

for the local U > 0 and nearest-neighbor U ′ > 0 interactions,
respectively, with nj,σ = d

†
j,σ dj,σ and nj = ∑

σ nj,σ . By
subtracting 1/2 from nj,σ in the definition of Hint, the point
Vg = 0 corresponds to half filling of the double dot, even in
the presence of Coulomb repulsion.

The dot Hamiltonian is supplemented by a term describing
two semi-infinite noninteracting leads, which we model here
as one-dimensional tight-binding chains,

Hlead = −τ
∑

β=L,R

∞∑
j=0

∑
σ

[c†β,j+1,σ cβ,j,σ + H.c.], (7)

with lead operators c
(†)
β,j+1,σ and equal bandwidth 4τ . In the

following, we choose τ as the unit of energy τ = 1. The dot-
lead couplings are given by a tunnel Hamiltonian

Hcoup = ∑
σ

(tLd
†
1,σ cL,1,σ + tRc

†
R,1,σ d2,σ + H.c.), (8)

with tunnel barriers set by tL/R . We consider here the so-called
wideband limit (see, e.g., Ref. 19) in which the tunnel barriers
only enter in combination with the local lead density of states
(at lattice site 1) evaluated at the chemical potential by �L/R =
πt2

L/Rρleads.

III. METHOD: FUNCTIONAL RENORMALIZATION
GROUP

A. Flow equation for the self-energy

We briefly review the applied approximation scheme,
which is based on the fRG method,20 focusing on aspects
specific to the present model. A detailed description of the
implementation for quantum-dot systems in the absence of
SOI is provided in Ref. 19. Recent extensions including SOI
involve inhomogeneous quantum wires.18

The starting point of the fRG scheme is the bare (U =
U ′ = 0) Matsubara frequency propagator G0 of the double
dot. The leads are projected onto the dot sites and enter via the
hybridization �L/R .19 In the basis

{|1,↑〉,|1,↓〉,|2,↑〉,|2,↓〉} (9)

of single-particle states, its inverse reads

G−1
0 (iω)

=

⎛
⎜⎜⎝

iω − ε1 − B sin θ + i�L(ω) −B cos θ t − iα 0
−B cos θ iω − ε1 + B sin θ + i�L(ω) 0 t + iα

t + iα 0 iω − ε2 − B sin θ + i�R(ω) −B cos θ

0 t − iα −Bcos θ iω − ε2 + B sin θ + i�R(ω)

⎞
⎟⎟⎠
(10)
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with �L/R(ω) = �L/R sgn(ω). This propagator is replaced by
one in which low-energy degrees of freedom below a cutoff 

are suppressed,

G
0 (iω) = �(|ω| − )G0(iω). (11)

The cutoff  is later sent from ∞ down to 0. Inserting G
0 in

the generating functional of the one-particle irreducible vertex
functions, an infinite hierarchy of coupled differential equa-
tions is obtained by differentiating the generating functional
with respect to  and expanding it in powers of the external
fields. Practical implementations require a truncation of the
flow-equation hierarchy.

We restrict the present analysis to the first order in the
hierarchy and only consider the flow of the one-particle
vertex, that is, the self-energy. It was previously discussed
analytically19,21 that for a single dot, the resulting flow
equations capture the appearance of a Kondo ridge in G(Vg)
of width ∼1.5U . The accuracy can be improved by including
the flow of the static part of the two-particle vertex (effective
interaction), which gives a Kondo plateau of width ∼U in good
agreement with the exact result.19,21 Here we are not interested
in such quantitative improvements and instead keep the bare
vertex. This has the advantage that the resulting flow equations
for the matrix elements of the self-energy have a simple
structure, which not only allows for a fast numerical solution
but provides the opportunity to gain analytical insights.

The flow equation for the self-energy reads19

∂

∂
�

a′,a = − 1

2π

∑
ω=±

∑
b,b′

eiω0+G
b,b′ (iω)�a′,b′ ;a,b, (12)

where the indices a,a′; b,b′ label the quantum numbers
(j,σ ), �a′,b′; a,b is the two-particle vertex, and the interacting
Green function G is determined by the Dyson equation

G(iω) = [
G−1

0 (iω) − �
]−1

. (13)

The initial condition for 0 → ∞ is �0 = 0.19 In the
lowest-order scheme, the two-particle vertex �a′,b′; a,b is given
by the bare antisymmetrized interaction. As the bare vertex is
frequency independent, the approximate self-energy turns out
to be frequency independent. Dynamical contributions are gen-
erated only at higher orders. As the latter are important for the
conductance at temperatures T > 0, the current approximation
scheme is restricted to T = 0. The correct temperature depen-
dence of the (single-dot) Kondo ridge is only captured if the
flow of a frequency-dependent two-particle vertex, leading to a
flowing frequency-dependent self-energy, is kept.22,23 Within
our approximation, the matrix elements of the self-energy at
the end of the flow �=0 can be interpreted as interaction-
induced renormalizations to the noninteracting model param-
eters such as the SOI and conventional hopping amplitudes, as
well as the on-site energies and the magnetic field.19

B. Computation of the linear conductance

From the self-energy obtained at the end of the flow at
 = 0, the full propagator, including interaction effects, is
determined via the Dyson equation (13). From this, various
observables can be computed.19 Here we concentrate on
the linear conductance. At T = 0, current-vertex corrections

vanish and the Kubo formula for the spin-resolved conductance
assumes a generalized Landauer-Büttiker form24

Gσ,σ ′ = e2

h
|Tσ,σ ′(0)|2, (14)

with the effective transmission Tσ,σ ′(0) evaluated at the
chemical potential. For the present setup, the transmission is
given by the (1,σ ; 2,σ ′) matrix element of the full propagator
leading to19

Gσ,σ ′ = e2

h
4�L�R|G1,σ ;2,σ ′ (0)|2. (15)

C. Single-level quantum dot

Before analyzing the serial double dot, for later reference
we briefly discuss the single-level quantum dot within our
approximation scheme.19,21 In this case, the flow equation for
the effective (flowing) level position V 

σ = Vg + σB + �
σ is

d

d
V 

σ = UV 
σ̄ /π

( + �)2 + (
V 

σ̄

)2 , (16)

with initial condition V =∞
σ = Vg + σB, σ̄ = −σ , and � =

�L + �R .
At B = 0, the level position is spin-independent,

V 
σ = V , and the differential equation can be solved

analytically.19,21 For U 
 � (in the Kondo regime) and |Vg| �
0.77U , the solution at  = 0 is

V = Vg exp

(
− U

π�

)
. (17)

It is this exponential pinning of the renormalized level position
to zero (the chemical potential) that leads to the Kondo plateau
in the total conductance G(Vg,B) = G↑(Vg,B) + G↓(Vg,B)
given by

G(Vg,B = 0) = 2e2

h

4�L�R

�2

�2

V 2 + �2
. (18)

For U = 0, the level position V = Vg is unrenormalized and
G reaches its maximum value Gmax = (2e2/h) 4�L�R/�2

only at the resonance voltage Vg = 0 (Lorentzian resonance of
width �). For U > 0, V is pinned to zero around Vg = 0 for a
gate-voltage range of width ∼1.5 U , where the Kondo plateau
develops in the conductance G � Gmax.

We next consider a finite magnetic field B �= 0. The flow
equation for the effective B = (V 

↑ − V 
↓ )/2 reduces to

d

d
B = − UB/π

( + �)2 + (B)2
, (19)

at Vg = 0. The renormalized magnetic field Bren at  = 0
hence shows the same exponential behavior (with prefactor
B instead of Vg) as the renormalized level position given by
Eq. (17), except for the reversed sign in the exponent. This
leads to a dramatic increase of the renormalized field Bren

compared to the bare one. For U > 0, the total conductance at
Vg = 0,

G(Vg = 0,B) = 2e2

h

4�L�R

�2

�2

B2
ren + �2

, (20)

in the B direction becomes exponentially (as set by the Kondo
scale)1,19,21 sharp, instead of Lorentzian-like of width � for

115115-3



S. GRAP, S. ANDERGASSEN, J. PAASKE, AND V. MEDEN PHYSICAL REVIEW B 83, 115115 (2011)

U = 0. In fact, this holds not only at Vg = 0 but for all gate
voltages within the B = 0 conductance plateau. Qualitatively,
the Kondo ridge of a single-level dot in the Vg-B plane
looks similar to the surrounding of one of the B = 0 Kondo
ridges appearing in our double-dot model as shown, e.g., in
Fig. 2.

IV. RESULTS

A. The noninteracting isolated double dot

For a detailed understanding of the Kondo ridges, it is
instructive to first study the noninteracting isolated double dot.
In the basis of Eq. (9), the single-particle Hamiltonian hdot is
represented as a complex 4 × 4 matrix,

hdot =

⎛
⎜⎜⎝

Vg + δ + B sin θ B cos θ −t + iα 0
B cos θ Vg + δ − B sin θ 0 −t − iα

−t − iα 0 Vg − δ + B sin θ B cos θ

0 −t + iα B cos θ Vg − δ − B sin θ

⎞
⎟⎟⎠ . (21)

The corresponding eigenvalues are

λ = Vg ±
√

B2 + t2 + δ2 + α2 ± 2B
√

t2 + δ2 + α2sin2θ

= Vg ±
√

(B ±
√

t2 + δ2 + α2sin2θ)2 + α2cos2θ. (22)

The spectrum is invariant under the transformation B → −B

and symmetric at Vg = 0. A finite on-site energy δ > 0 yields
an effective hopping teff = √

t2 + δ2. For vanishing SOI (α =
0), Eq. (22) reduces to

λ = Vg ± (teff ± B). (23)

Naturally, the θ dependence drops out. For θ = ±π/2,
the SOI and the Zeeman field are antiparallel, and α can
be absorbed into an effective hopping teff = √

t2 + δ2 + α2.
The eigenvalues are then of the α = 0 form given by Eq. (23).

For the appearance of a spin Kondo effect (after turning on
�L/R as well as U and U ′), it is necessary that two degenerate
levels of opposite spin are located at zero energy (the chemical
potential). Zero-energy spin-degenerate levels are obtained
at B = 0 and Vg = ±teff (bonding and antibonding states).
This will lead to the standard spin Kondo effect related to
the presence of a (spin) Kramers doublet when U and U ′
are switched on. By increasing B, the spin-up level of the
bonding state and the spin-down level of the antibonding state
approach each other. For either α = 0 or θ = ±π/2, they
become degenerate (cross) at zero energy for Bc = ±teff and
Vg = 0. Besides the two B = 0 Kondo ridges developing for all

V
g

B

−3 −2 −1 0 1 2 3
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0

0.4
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2

G/(e2/h)

FIG. 2. (Color online) Conductance G(Vg,B) for t = 1, U =
U ′ = 1, tL/R = 0.3, and δ = 0 in the absence of SOI (α = 0).

dot parameters, for α = 0 or θ = π/2, one might thus expect
the appearance of two finite-B Kondo ridges. Viewed on the
basis of the many-body energies of the isolated interacting
double dot this situation corresponds to the crossing of a
two-particle S = 1, Sz = −1 state with a corresponding S = 1,
Sz = 0 state. The resulting Kondo effect can thus also be
referred to as a singlet-triplet one. For α > 0 and an arbitrary
angle θ between the SOI and the Zeeman field, the finite-B
level crossings turn into avoided crossings and no zero-energy
degeneracies are possible at finite B.

B. Numerical results for the conductance

We next present results for the linear conductance G(Vg,B)
obtained by numerically solving the flow equation (12). For our
purposes, it is sufficient to consider only a single set of U,U ′
and t . The results depend only quantitatively on the strength
of the local Coulomb interaction and the interdot hopping t ,
as long as U/�L/R and t/tL/R are sufficiently large. We focus
here on U = U ′ = 1 and t = 1.

1. Vanishing SOI

We start our discussion with the case of vanishing SOI.
This is trivially realized for α = 0. As discussed above, for
θ = π/2, the SOI can be absorbed into an effective hopping.
In this case, the Zeeman field and the SOI are antiparallel and
only a single Pauli matrix enters the Hamiltonian. The physics
is thus similar to the α = 0 case.

In Fig. 2 we show G(Vg,B) for a left-right symmetric setup
with tL/R = 0.3 and δ = 0, in the absence of SOI (α = 0).
The conductance shows the expected two pairs of B = 0
and Vg = 0 Kondo ridges. Due to the renormalization of the
interdot hopping, the B = 0 plateaus are not centered around
Vg = ±teff = t = 1, but around renormalized gate voltages.
For the present parameters, the renormalization of the interdot
hopping and the magnetic field (almost) cancel each other,
such that the finite-B ridges are located at Bc ≈ ±teff = t = 1.
For U ′ < U , Bc is renormalized to smaller values. All Kondo
plateaus exhibit the same maximal height of 2e2/h. This can be
understood from transforming the dot-lead coupling given by
Eq. (8) into the basis of bonding (b) and antibonding (b̄) states
of the noninteracting isolated dot. The couplings between the
leads and the two states are

�b,L/R =
√

t2 + δ2 ∓ δ

2
√

t2 + δ2
�L/R, (24)

115115-4



SPIN-ORBIT INTERACTION AND ASYMMETRY EFFECTS . . . PHYSICAL REVIEW B 83, 115115 (2011)

0

0.5

1

1.5

2
G

/(
e2 /h

)

−3 −2 −1 0 1 2 3
0

1

2

3

4

V
g

<n
1+n

2>
B=0 B=0.05 B=0.5 B=0.95 B=1.0

FIG. 3. (Color online) Gate-voltage dependence of the conduc-
tance G and dot occupation 〈n1 + n2〉 for different values of B, and
the same parameters as in Fig. 2.

and �b̄,L/R = �b,R/L t2
L/R/t2

R/L. For the considered left-right
symmetric case and δ = 0, the bonding and antibonding
states have the same total coupling �b/b̄ = �b/b̄,L + �b/b̄,R ,
and the couplings are left-right symmetric, implying unitary
conductance. Increasing |B| from B = 0, the Kondo ridges
are suppressed on the exponential Kondo scale and resonance
peaks of height e2/h and width � develop. The position of the
resonance peaks varies linearly with Vg . Eventually the peaks
corresponding to the spin-up level of the bonding state and
the spin-down level of the antibonding state merge with the
finite-B Kondo ridges. Figure 3 shows G(Vg) at fixed, different
B > 0 to further exemplify this. The shoulders appearing in
the bonding (antibonding) state of B = 0 Kondo ridges are
linked to the presence of the antibonding (bonding) state.
Increasing the Coulomb interaction has the two obvious effects
of broadening the Kondo ridges and increasing the distance
between the centers of the plateaus; the latter also holds for
increasing t . In the lower panel of Fig. 3, the respective dot
fillings are shown for various values of B. For B = 0, the
dot occupation exhibits plateaus at odd fillings. Their width
corresponds to the Kondo ridges observed in the conductance.
Similarly, for a finite magnetic field B = 1, the plateau around
Vg = 0 in the conductance is reflected in the filling.

We note that G(Vg,B) is symmetric with respect to B →
−B [see the eigenvalues given by Eq. (22)] and Vg → −Vg .
While the former symmetry is given by the Hamiltonian
and holds for all parameter sets, the latter is specific to the
parameters chosen here (tL = tR and δ = 0). The conductance
remains symmetric under Vg → −Vg if at least either δ = 0 or
tL = tR holds. In these cases, the four Kondo ridges no longer
reach the unitary value 2e2/h, but exhibit an equally reduced
conductance plateau as the bonding and antibonding states are
coupled with the same asymmetry and the same total coupling
to the leads.

The most interesting situation arises if the left-right
symmetry and the bonding-antibonding state symmetries are
simultaneously broken. This is achieved for tL �= tR and δ �= 0.
In this case, the Vg → −Vg symmetry of G(Vg,B) is broken,
as shown in Fig. 4. For our parameters, the couplings of the
antibonding state have a strong left-right asymmetry leading to
a B = 0 Kondo plateau with significantly reduced conductance
(around Vg = 2.2). The bonding state has a weaker asymmetry,

FIG. 4. (Color online) Conductance G(Vg,B) for t = 1, U =
U ′ = 1, and α = 0 with asymmetric couplings to the leads tL =
0.3, tR = 0.5, and finite level-splitting δ = −0.3.

such that the B = 0 Kondo ridge centered around Vg = −2.2
almost reaches the unitary conductance. The total coupling
�b̄ is larger than �b. With the breaking of the Vg → −Vg

symmetry, manifest already from the comparison of the two
B = 0 Kondo ridges, the finite-B Kondo ridges (centered
around Vg = 0) are no longer necessarily parallel to the Vg

axis. In fact they are bent with respect to this axis, as becomes
apparent from Fig. 4. It turns out that the direction of bending
is always away from the state with stronger total level-lead
coupling. For our model, this is the state with larger left-right
asymmetry. This bending cannot be predicted considering the
isolated double dot, even by including the Coulomb interaction
as it results from a level renormalization associated with
the dot-lead couplings. Related level renormalizations are
discussed in Refs. 25 and 26. In experiments on multilevel
quantum dots, left-right symmetry is difficult to realize and
the states at different energies will have different level-lead
couplings. Therefore finite-B spin Kondo ridges appearing in
measurements are expected to be generically bent with respect
to the B = 0 ones. This result is relevant for the understanding
of finite-B Kondo ridges observed in conductance measure-
ments on multilevel carbon nanotube quantum dots.27

2. Effect of the SOI

For the discussion of the effect of the SOI on the Kondo
ridges, we focus on the symmetric case with tL = tR and δ = 0.

V
g

B

−4 −2 0 2 4

−1

−0.5

0

0.5

1

1.55 1.59

1.16

1.18

0

0.4

0.8

1.2

1.6

2

G/(e2/h)

π/2

FIG. 5. (Color online) Conductance G(Vg,B) for t = 1, U =
U ′ = 1, tL/R = 0.3, and δ = 0 with θ = 1.56 and finite SOI α = 0.6.
Inset: Conductance G(θ,B) at Vg = 0.
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Figure 5 shows G(Vg,B) for α = 0.6 and an angle θ = 1.56
close to the parallel configuration with θ = π/2. Thus the
effective SOI given by the component perpendicular to the
direction of the Zeeman field is small. For the noninteracting
single-particle levels of the isolated double dot, this implies
a small minimal distance between the levels avoiding the
crossing at finite B. Therefore remnants of the finite-B Kondo
ridges are still observable. The inset shows G at Vg = 0
as a function of θ and B. Increasing the SOI component
perpendicular to the direction of the Zeeman field by deviating
from θ = π/2 obviously destroys the finite-B Kondo effect, as
expected. This provides a way to probe the presence of SOI in
multilevel dots: after observing finite-B spin Kondo ridges,
one can probe their robustness by changing the direction
of the magnetic field. Remarkably, the SOI introduces an
intriguing angular dependence even for a magnetic field
coupling exclusively to the spin degree of freedom.10 From the

angular dependence of the gap opening in the single-particle
energy spectrum the strength of the SOI can be extracted by
spectroscopic measurements.

C. Analytical insights

We next provide analytical insights to our findings in the
absence of SOI by analyzing the fRG flow equation (12). To
simplify the analysis, we focus on the case of purely local
Coulomb interactions with U ′ = 0. Due to the absence of
Fock terms, t remains unrenormalized, but this only yields
quantitative changes compared to the results shown in the last
subsection.

In the absence of SOI, θ does not play any role and can be
chosen arbitrarily. For θ = ±π/2, the matrix (10) is block
diagonal and we can restrict the analysis to a single spin
sector. Introducing V 

jσ = εj + σB + �
jσ , the full propagator

including the self-energy reads

G
σ (iω) = 1

D
σ (iω)

(
iω + i�Rsgn(ω) − V 

2σ −t

−t iω + i�Lsgn(ω) − V 
1σ

)
, (25)

with the determinant

D
σ (iω) = [

iω + i�Rsgn(ω) − V 
2σ

][
iω + i�Lsgn(ω) − V 

1σ

] − t2. (26)

The zeros of D=0
σ (0) for �L/R = 0 determine the zero-energy levels. For degenerate levels, these are responsible for the

development of the Kondo ridges in the conductance.
Inserting the above expression in Eq. (12), the flow equations for the local potential are

d

d
V 

1σ = U

π

(
V 

1σ̄ V 
2σ̄ − t2

)
V 

2σ̄ + ( + �R)2V 
1σ̄[

V 
1σ̄ V 

2σ̄ − ( + �L)( + �R) − t2
]2 + [

( + �R)V 
1σ̄ + ( + �L)V 

2σ̄

]2 , (27)

with an analog equation for V 
2σ with (1 ↔ 2) and (L ↔ R).

We first analyze the symmetric case for δ = 0 (ε1 = ε2)
and �L = �R = �. The condition for zero-energy levels, V 2

σ −
t2 = 0, implies degenerate solutions for either B = 0 and V =
±t or Bren = ±t and V = 0, where the renormalized level
position or Zeeman field replace the bare ones with respect
to the noninteracting case. The flow equation for the local
potential (27) reduces to

d

d
V 

σ = UV 
σ̄

π

(
V 

σ̄

)2 − t2 + ( + �)2[(
V 

σ̄

)2− t2− (+ �)2
]2+ 4

(
V 

σ̄

)2
(+ �)2

= UV 
σ̄

π
Re

1

( + � + it)2 + (
V 

σ̄

)2 , (28)

resembling Eq. (16) for the single-level quantum dot, except
for the presence of the finite interdot hopping t and a factor 1/2
in the definition of �. At B = 0, the flow equation for Ṽ  =
V  − t sgn(V ) is characterized by an exponential pinning

to zero for |Ṽ | � 0.77U , inducing a splitting of the central
plateau for Ṽ in two plateaus of half width for V ranging
from Vg = ±t to Vg = ±(t + 0.77U ). These are shifted to
larger values in Fig. 3 as a consequence of the renormalization
of t . The same substitution around the B = 0 Kondo ridges
V 

σ = t sgn(V ) + σB leads to an exponential suppression
of the renormalized field, as described by Eq. (19) for the
single-level dot. A similar behavior in the Vg-B plane is found
for the finite-B Kondo ridges. Here the renormalization of
B leads to a shift of the position. Due to the enhancement
of the renormalized magnetic field, the finite-B Kondo ridge
develops at a reduced field for which Bren = ±t . This effect is
superposed by the renormalization of t in Fig. 3 and is hardly
visible.

We now consider the general asymmetric situation. With
V 

1/2σ = V̄ 
σ ± δ, and introducing the asymmetry parameter β

for the coupling to the leads �L/R = � ± β, the flow equation
for V̄ 

σ is

d

d
V̄ 

σ = U

π

V̄ 
σ̄

[(
V̄ 

σ̄

)2 − δ2 − t2 + β2
] + ( + �)

[
( + �)V̄ 

σ̄ − 2βδ
]

[(
V̄ 

σ̄

)2 − δ2 − t2 + β2 − ( + �)2
]2 + 4

[
( + �)V̄ 

σ̄ − βδ
]2 . (29)
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Analogously, a flow equation for the renormalization of δ can
be derived, which will not be considered in the following
as it does not significantly affect the results. For δ �= 0 and
symmetric couplings to the reservoirs β = 0 (�L = �R), the
above equation reduces to (28). Kondo plateaus of width
0.77U are hence obtained in correspondence of degenerate
energy levels at V̄ = ±teff for B = 0, and at Bren = ±teff

for Vg = 0. For asymmetric couplings to the leads (β �= 0),
Eq. (29) in proximity to the degenerate energy levels can be
simplified to

d

d
V̄ 

σ = U

π

V̄ 
σ̄ − 2βδ/�

( + �)2 + 4
(
V̄ 

σ̄ − βδ/�
)2 , (30)

in the limit of small asymmetric couplings β � �. The terms
proportional to βδ/� induce a shift in the effective level
position responsible for the Vg → −Vg symmetry breaking.
For Vg � 0, an effective magnetic field of strength Bc +
2βδ/� is required to compensate for the shift (corresponding
to a larger effective field for βδ > 0 in Fig. 4). This implies
that the finite-B Kondo plateaus in the Vg-B plane are not
parallel to the B = 0 axis for βδ �= 0; see Fig. 4.

V. CONCLUSION

We studied the linear conductance of a serial quantum dot
as a minimal model to describe the influence of the SOI on
the spin Kondo effect in the presence of a Zeeman field.28

Without SOI, the linear conductance as a function of an
applied gate voltage exhibits characteristic Kondo plateaus
at finite magnetic field B, in addition to the plateaus at
B = 0. Interestingly the finite-B Kondo ridges are bent with
respect to the Vg axis if the left-right symmetry and the
symmetry between the bonding and antibonding states are
broken simultaneously. This finding is of importance for the
understanding of measurements of the linear conductance of
multilevel quantum dots as a function of VG and B. In the
presence of SOI, the finite-B Kondo ridges disappear; in
contrast to the ridges at B = 0, they are not protected by
time-reversal symmetry.
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